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ABSTRACT 

The ex is tence  of mul t ip le  s o l u t i o n s  to a genera l  

Problem of Bolza i n  the  ca lcu lus  of v a r i a t i o n s  i s  inves- 

t i g a t e d .  These mul t ip l e  s t a t i o n a r y  so lu t ions  a r e  of 

s e v e r a l  d i s t i n c t  types ,  each of which i s  b r i e f l y  d i s -  

cussed. 

The most important type of mul t ip l e  s t a t i o n a r y  

so lu t ions  occurs when a complete s e t  of necessary and 

s u f f i c i e n t  condi t ions have not been app l i ed .  A s u f f i -  

c iency t e s t  t o  e l imina te  some niul t iple  s o l u t i o n s  of 

t h i s  type i s  devel-oped. It i s  shown that a su f f i c i ency  

t e s t  can be broken down rinto a pa th  su f f i c i ency  t e s t  and 

an endpoint su f f i c i ency  t e s t  and tha t  once t h e  f i r s t  

necessary condi t ions of t h e  ca lcu lus  of  v a r i a t i o n s  have 

been appl ied ,  t h e  p a t h  su f f i c i ency  t e s t  and t h e  endpoint 

su f f i c i ency  t e s t  can be appl ied  independently.  

Only the  endpoint s u f f i c i e n c y  t e s t  w a s  i n v e s t i -  

ga ted .  Analy t ica l  a p p l i c a t i o n  of t h i s  condi t ion  r equ i r e s  

the a n a l y t i c a l  i n t e g r a t i o n  of a set of nonl inear  dif ' fer-  

e n t i a 1  equat ions su-b j e c t  t o  mixed boundary condi t ions .  

Since t h i s  i s  o f t e n  d i f f i c u l t  o r  impossible,  an algo- 

r i t h m  i s  developed f o r  numerically implementing t h e  end- 

po in t  su f f i c i ency  condi t ion .  A geodct ics  problem i s  

Ix 



solved a n a l y t i c a l l y  to i l l u s t r a t e  t h e  theory  and demon- 

s t r a t e s  t h a t  t h e  s u f f i c i e n c y  condi t ion  i s  an  e f f e c t i v e  

computational tool, by e l imina t ing  c e r t a i n  c l a s s e s  of non- 

optimal so lu t ions  from cons idera t ion .  

A survey of numerical  methods f o r  so lv ing  d i f f e r -  

e n t i a l  equations w i t h  mixed boundary condi t ions a r i s i n g  

from problems i n  t h e  ca l cu lus  of v a r i a t i o n s  i s  presented.  

The general ized Newton-Raphson method f o r  so lv ing  such 

problems i s  developed in d e t a i l  and d i g i t a l  computer 

programs f o r  implementing it are included.  

The problem of determining minimum f u e l ,  o r b i t a l  

t r a n s f e r s  f o r  low-thrust  space veh ic l e s  i s  t r e a t e d  as a 

f i n a l  comprehensive example. Transfers  a r e  considered 

which begin i n  an  i n i t i a l  c i r c u l a r  o r b i t  and terminate  

i n  any f i n a l  e l l i p t i c  o r b i t  i n  t h e  same plane.  I n  a d d i -  

t i o n  t h e  f i n a l  argument of p e r i a p s i s ,  t h e  f i n a l  t r u e  

anomoly, t h e  f i n a l  range angle ,  and t h e  f i n a l  t ime a r e  

a l l  unspecif ied and considered f r e e .  Several  examples of 

mul t ip le  s t a t i o n a r y  s o l u t i o n s  to a given te rmina l  o r b i t  

a r e  presented.. D i g i t a l  computer programs f o r  so lv ing  

t h i s  problem and for implementing the  endpoint su f f i c i ency  

test are included.  The r e s u l t s  of a comprehensive study 

of f i x e d  mass, s i n g l e  t h r u s t ,  o r b i t a l  t r a n s f e r s  from 

i n i t i a l  c i r c u l a r  o r b i t s  to a wide range of f i n a l  e l l i p t i c  

o r b i t s  a r e  presented .  



CHAPTER 1 

INTHODUCTION 

A renewed i n t e r e s t  i n  t h e  t h e o r y  of t h e  c a l c u l u s  of 

v a r i a t i o n s  h a s  been wi tnes sed  i n  t h e  p a s t  decade due i n  

p a r t  t o  t h e  development of s o p h i s t i c a t e d  au tomat ic  c o n t r o l  

systems.  When t h e  concepts  of s t a t e  and c o n t r o l  v a r i a b l e s  

from t h e  t h e o r y  of au tomat ic  c o n t r o l  systems were inco r -  

p o r a t e d  i n  t h e  t h e o r y  of t h e  c a l c u l u s  of v a r i a t i o n s ,  a n  

e n t i r e l y  new p r a c t i c a l  viewpoint  resul-bed. Once leTk corn- 

p l e t e l y  to t h e  realm of pu re  mathematicians , t h e  calcu.lus 

of v a r i a t i o n s ,  i n  i t s  new f o r m u l a t i o n ,  speaks a language 

e a s i l y  unders tood  by e n g i n e e r s .  With t h e  p o t e n t i a l  u.se of 

t h e  c a l c u l u s  of v a r i a t i o n s  made appa ren t  to a much broader  

spectrum of' technology,  r a p i d  t h e o r e t i c a l  development has 

been i n e v i t a b l e .  

S i g n i f i c a n t  advances have been made i n  c a s t i n g  

h e r e t o f o r e  d i v e r s e  c a l c u l u s  of v a r i a t i o n s  problems i n t o  a 

s i n g l e  g e n e r a l i z e d  f o r m u l a t i o n ,  e . g . ,  t h e  Problem of Bolza 

(Bliss , 1946, pp .  18'7-265). Altl-ough n o t  e n t i r e l y  com- 

p l e t e ,  t h e  f o r m u l a t i o n  of' t h e  t h e o r y  of  t h e  c a l c u l u s  of 

v a r i a t i o n s  i n  c o n t r o l  n o t a t i o n  used by Vincent and Mason 

(1969) i s  a p p l i c a b l e  t o  most problems cf eng inee r ing  impor- 

t a n c e .  
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A l i m i t a t i o n  to the e n g i n e e r i n g  e f f e c t i v e n e s s  of 

t he  c a l c u l u s  of v a r i a t i o n s  i n  i t s  c u r r e n t  f o r m u l a t i o n  has 

been t h e  l a c k  of a complete set of s u f f i c i e n c y  c o n d i t i o n s  

expressed  i n  c o n t r o l  n o t a t i o n .  Although a f a i r l y  complete 

s e t  of s u f f i c i e n c y  theorems has  been developed for t h e  

c l a s s i c a l  problems of t h e  c a l c u l u s  of v a r i a t i o n s  ( B l i s s ,  

1946, pp.  235-265), t h e y  a r e  €ormula,ted- i n  a manner and. 

i n  a mathematical  n o t a t i o n  which i s  d i f f i c u l t  t o  app ly  t o  

most p r a c t i c a l  problems. For t h e  most g e n e r a l  problems 

expressed. i n  c o n t r o l  n o t a t i o n ,  a complete s e t  of s u f f i -  

c i e n c y  c o n d i t i o n s  i s  no t  known. The l a c k  of su.ch a com- 

p rehens ive  eng inee r ing  fo rmula t ion  has p laced  heavy 

emphasis on t h e  more e a s i l y  understood necessa ry  condi-  

t i o n s .  

T r a j e c t o r i e s  which s a t i s f y  a l l  of t h e  necessa ry  

c o n d i t i o n s  of t h e  calcu1u.s of v a r i a t i o n s  a r e  r e f e r r e d  to 

as s t a t i o n a r y  s o l u t i o n s .  S t a t i o n a r y  s o l u t i o n s  are o f t e n  

accepted  as optimum t r a j e c t o r i e s  w i thou t  f u r t h e r  i n v e s t i -  

g a t i o n .  For most e lementary  problems t h i s  p r a c t i c e  i s  

adequate .  However, s t a t i o n a r y  s o l u t i o n s  a r e  on ly  candi -  

d a t e s  f o r  t h e  t r u e  optimum. When a n  i n v e s t i g a t o r  o b t a i n s  

two or more d i s t i n c t  s t a t i o n a r y  s o l u t i o n s  to h i s  problem, 

t h i s  p o i n t  becomes q u i t e  c l e a r .  Chapter 2 p a r t i a l l y  

r e s o l v e s  t h e  problem of m u l t i p l e  s t a t i o n a r y  s o l u t i o n s  by 

developing  a s u f f i c i e n c y  c o n d i t i o n  i n  modern c o n t r o l  
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no ta t ion  f o r  problems w i t h  v a r i a b l e  endpoints.  T h i s  suf -  

f i c i e n c y  cond i t ion  i s  r e l a t e d  to c l a s s i c a l  su f f i c i ency  

condi t ions I n  add i t ion ,  a nume.r*ical a lgori thm w i l l  be 

presented which allows an i n v e s t i g a t o r  to apply t h e  end- 

po in t  s u f f i c i e n c y  condi t ion  i n  cases  where t h e  d i f f e ren -  

t i a l  equations desc r ib ing  t h e  optimum t r a j e c t o r y  cannot 

be in t eg ra t ed  ana ly t i ca l ly - .  

However complete a theory  may be,  i t  i s  of l i t t l e  

use to t h e  engineer un le s s  i t  leads  i n  a d i r e c t  f a sh ion  

to so lu t ions  of real-world problems a Unfortunately,  t h e  

theory of t h e  ca l cu lus  of v a r i a t i o n s  i n e v i t a b l y  r equ i r e s  

t he  i n t e g r a t i o n  of a s e t  of nonl inear  ordrinary d- i f fe r -  

e n t i a 1  equations w i t h  mixed boundary condi t ions .  I n  

a l l  but  t h e  s implest  academic problems, a n a l y t i c  solu- 

t i o n s  cannot be obtained.  I n  ord.er f o r  t h e  ca lcu lus  of 

v a r i a t i o n s  to be a u s e f u l  engineering t o o l ,  a p r a c t i c a l  

computational a lgori thm must be developed. The problem 

of f ind ing  numerical  s o l u t i o n s  t o  d i f f e r e n t i a l  equa- 

t i o n s  w i t h  mixed boundary condi t ions  i s  t h e  sub jec t  of 

Chapter 3. 

Chapter 4 presen t s  a n  i n t e r e s t i n g  example problem 

i n  which bounded c o n t r o l  gives  r i s e  t o  mul t ip le  s t a t i o n -  

a r y  s o l u t i o n s  i n  a unique f a sh ion .  

The complex problem of optimum low-thrust  o r b i t a l  

t r a n s f e r s  i s  inves t iga t ed  rin Chapter 5. Several  types of 
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mul t ip le  s t a t i o n a r y  so lu t ions  a r e  exh.ibited and t h e  end- 

poin t  su f f i c i ency  condi t ion  i s  used t o  d i s t i n g u i s h  t h e  

t r u e  optjmum from among t h e  candida tes .  I n  add i t ion ,  t h e  

r e s u l t s  of a comprehensive s tudy of minimum time low- 

t h r u s t  o r b i t a l  t r a n s f e r s  i s  presented.  The i n v e s t i g a t i o n  

concerns t h e  q u a l i t a t i v e  a spec t s  of t r a n s f e r s  from an  

i n i t i a l  c i r c u l a r  o r b i t  to any given f i n a l  e l l i p t i c  o r b i t  

w i t h  t h e  angle of t r a n s f e r  and r e l a t i v e  argument of 

p e r i a p s i s  unspec i f ied .  

1.1 H i s t o r i c a l  Background 

The h i s t o r i c a l  development of t h e  ca lcu lus  of 

v a r i a t i o n s  has been spoi.adic, and. not e n t i r e l y  f r e e  of 

controversy.  'FJithout going Lnto t h e  d e t a i l s  of t h e  

e a r l y  development, i t  i s  appropr ia te  t o  mention t h e  out- 

s tanding cont r ibu t ions  and re ferences  of h i s t o r i c a l  

importance. 

I n  1696 the Brachistochrone problem w a s  proposed 

by John Bernoul l i  ( O s t w a l d ,  1911, no. 46, p .  3). He 

sought t h e  pa th  which minimized t h e  t ime required for a 

mass under t h e  inf luence  of g r a v i t y  to s l i d e  without f r i c -  

t i o n  from one po in t  to another .  I n  1-744, Ehler  (1911) 

discovered t h e  c h a r a c t e r i s t i c  d i f f e r e n t i a l  equat ion which 

must be s a t i s f i e d  by optimum t r a j e c t o r i e s .  Lagrange ana ly t -  

i c a l l y  formalized the  work of Euler and extended t h e  scope 

of problems t o  two independent v a r i a b l e s .  While Euler 
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and Lagrange considered necessary condi t ions f o r  a sta- 

t i o n a r y  curve,  Legendre (1786), through the use of t h e  

so-ca l led  second v a r i a t i o n ,  develaped a f u r t h e r  necessary 

condi t ion  that  d i s t ingu i shed  maximal extremals from mini- 

m a l  extremals.  Jacobi  (1837) constructed an  e s s e n t i a l  

modi f ica t ion  of t h e  Legendre necessary condi t ion,  and 

from i t  deduced a f u r t h e r  t e s t ,  which set  l i m i t s  on t h e  

range of t h e  independent v a r i a b l e .  Clebsch (1858) and 

Mayer (1868) conducted f u r t h e r  i n v e s t i g a t i o n s  connected 

w i t h  t ransformations of t h e  second v a r i a t i o n .  

Much of modern theory  of t h e  ca lcu lus  of +aria- 

t i o n s  i s  based upon proof s employing s t rong  v a r i a t i o n s  

which were f i r s t  developed by Weiers t rass .  The work of 

Weierstrass  although never formally published, i s  well 

known l a r g e l y  through t h e  pub l i ca t ions  of h i s  contempo- 

r a r i e s ;  among them, t h e  works of Bolza (1913), Kneser 

(lgOO), Forsyth (1927) and Hi lber t  (1902) have had t h e  

most l a s t i n g  in f luence .  The work of Bolza has been of 

par t icu la , r  in f luence  on cu r ren t  i n v e s t i g a t o r s .  He formu- 

l a t e d  a genera l  problem, now known as t h e  Problem of 

Bolza, which included t h e  problems of Lagrange and Mayer 

as s p e c i a l  cases  ( B l i s s ,  194-6, pp. 189-193). A consider- 

a b l e  i n t e r e s t  w a s  taken i n  t h e  Problem of Bolza, and a 

summary of t he  works of many i n v e s t i g a t o r s  i s  presented 

i n  t h e  comprehensive book by G.  A. B l i s s  (1946). Recently 
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Hestenes (1966) has reformulated t h e  Problem of B o l z a  frorr! 

t h e  c l a s s i c a l  dependent v a r i a b l e s  n o t a t i o n  to t h e  modern, 

c o n t r o l  var-iable,  s t a t e  v a r i a b l e  no ta t ion .  He obta ins  

only pa th  xu-fficiency theorems f o r  problems w i t h  f i x e d  

endpoints and does not  d i scuss  t h e  s u f f i c i e n c y  condi t ion  

f o r  problems with v a r i a b l e  endpoints to be develGped i n  

Chapter 2 

1 . 2  The Problem of Bolza 

Since much of w h a t  i s  to fol low depends upon an 

understanding of t h e  Problem of Bolza as formulated i n  

c o n t r o l  n o t a t i o n  (Vincent and Brusch, 1966, pp. 4-5), a 

b r i e f  statement of t h e  problem i n  i t s  s implest  form i s  

appropr i a t e .  

Among t h e  s e t  of a l l  continuous s t a t e  func t ions ,  

i = l Y 2 , . . . , n ;  to < t < tf Y i ( t )  - - (1 .2 .1)  

and continuous c o n t r o l  v a r i a b l e  func t ions  

U k  (t 1 k = 1 , 2 , . . . ,  m < n (1 .2 .2)  

s a t i s f y i n g  d i f f e r e n t i a l  equat ions and end-conditions of 

t h e  form 

(1.2.3)  - - fi(yj5uk,t) j = 1,2 ,..., n 'i 

t R ( Y j o ~ Y i f ~  t 0 = 0 

R = 1,2,. . . ,p  5 2n + 2 (1.2.4) 

f i n d  t h e  s e t  which w i l l  minimize a sum of t h e  form: 
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Here it i s  assumed tha t  t h e  f u n c t i o n s  f 

are  of c lass  C . I n  t h e  above and. th roughout  t h i s  presen-  

t a t i o n ,  a d o t  above a v a r i a b l e  w i l l  be  used to r e p r e s e n t  

t h e  d e r i v a t i v e  o f  t h e  v a r i a b l e  w t t h  r e s p e c t  to t, t h e  

independent  v a r i a b l e .  Likewise t h e  s u b s c r i p t s  o and f 

w i l l  i n d i c a t e  t h e  e v a l u a t i o n  of t h e  v a r i a b l e  or e x p r e s s i o n  

L ,  g,  and tcf, j’ 
2 

a t  t h e  i n i t i a l  and f i n a l  v a l u e  of  t, r e s p e c t i v e l y .  For 

t h e  sake o f  b r e v i t y ,  t h e  r ange  of s u b s c r i p t s  5, j ,  k, and 

R w i l l  be a s  g i v e n  above and w i l l  n o t  be r epea ted  i n  what 

f o l l o w s .  

Fol lowing t h e  convent i-onal method of  Lagrange 

m u l t i p l i e r s  (Bryson and Ho, 196g), minimiza t ion  oi’ t h e  

augmented f u n c t i o n  

(1.2.6) J g  = g f vR$, f J t f  [L-hifi + hiyi]dt.  

0 
t 

i s  cons ide red .  I n  t h e  above equa t ion  and throughout  t h e  

p r e s e n t a t i o n ,  r epea ted  s u b s c r i p t s  w i l l  be used t o  imply 

summation. Equat ion  (1.2.6) was ob ta ined  by a d j o i n i n g  

e q u a t i o n s  ( 1 . 2 . 3 )  and ( 1 . 2 . 4 )  t o  r e l a t i o n  ( 1 . 2 . 5 )  as f o l -  

lows  : 

(a )  m u l t i p l y i n g  r e l a t i o n s  ( 1 . 2 . 3 )  by t h e  va r i -  
ables  X i ( t ) ,  r e s p e c t i v e l y ,  i n t e g r a t i n g  from 
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to to t 

g r a l s  t o  expression (1.2.5), 

and by adding t h e  sum of t he  i n t e -  f 

(b )  mult iplying equ-ations (1 .2  .&) by the  param- 

e t e r s  IJ. and adding t h e  sum of t he  products 

to expression (1..25). 
R 

It i s  convenient t o  def ine  t h e  fol lowing func t ions :  

G ( Y i 0 ’ Y i f 3 t O , t f )  g + (1.2.7) 

H f Y i ( t ) g X i ( t ) , u k ( t ) , t l  = k i f i  - L (1.2.8) 

The func t ion  H i s  o f t e n  r e f e r r e d  to as t h e  Hamiltonian. 

With these  d e f i n i t i o n s ,  equat ion ( 1 . 2 . 6 )  may be w r i t t e n  as 

t f  
J* = G -f- [-H -I- ki i i ]d t  ( 1 . 2 . 9 )  

By consider ing s m a l l  v a r i a t i o n s  i n  t h e  pa th  and endpoints 

about a nominal pa th ,  it can be shown that  i f  t h e  func- 

t i o n s  u k ( t )  and y i ( t )  a r e  a s o l u t i o n  to t h e  Problem of 

Bolza, t hen  they must s a t i s f y  the  fol lowing necessary con- 

d i t i o n s  (Hestenes, 1966, pp. 346-351) : 

Condition I. There e x i s t  continuous m u l t i p l i e r s  

X i ( t )  and Hamiltonian func t ion  as def ined i n  equat ion 

(1.2.8) such that:  

(1) the  Euler-Lsgrange equat ions,  

(1.2. lo) 

(1.2.11) aH 0 
z u i  

= 



are sa t i s f ied  a t  every po in t  a long t h e  pa th  and, 

(2 )  t h e  t r a n s v e r s a l i t y  condi t ions  

-1- Ho = 0 % 
a G  - = o  2-y- ’io 

7.0 

aG -1- Xif = 0 
Y i f  

a r e  s a t i s f i e d  by t h e  endpoints .  

9 

(1.2.12) 

( 1.2.13) 

( 1.2.14)  

( 1.2 .15)  

(1.2.16) 

Conditi-on 111. The 

a 2 H  

must be negat ive semi-defin 

must be s a t i s f i e d  f o r  a l l  to - < -b .....- c: tf and f o r  a l l  non- 

optimal c o n t r o l  func t ions  uno. 

necessary condi t ion  of Weiers t rass .  

T h i s  i s  r e f e r r e d  t o  as t h e  

k by k matrix 

s = 1,2, ..., k 

t = 1,2, ..., k (1.2.17) 

t e  f o r  a minimum. T h i s  condi- 

“Lon i s  known as t h e  Legendre-Clebsch necessary condi t ion .  

Condition I V .  A f o u r t h  necessary condi t ion  i s  

discussed by B l i s s  (1946, pp. 226-228) i n  c l a s s i c a l  depen- 

dent v a r i a b l e  no ta t ion .  He proves t h a t  t h e  second order  

v a r i a t i o n  of a sum s i m i l a r  to J must be non-negative 

along a> s t a t i o n a r y  a r c ,  i f  t ha t  a r c  minimizes J . 

9 

* 
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Hestenes (1966, pp. 283-286) v e r i f i e s  t h i s  conclusion i n  

modern c o n t r o l  n o t a t i o n  €or  t h e  Problem of Bolza  w i t h  

f i xed  endpoints.  A s  developed by I-Iestenes, t h e  f o u r t h  

necessary condi t ion  r ep resen t s  a necessary condi t ion  on 

t h e  path alone; v a r i a t i o n s  i n  t h e  endpoints a r e  not con- 

s ide red .  If Condition I11 i s  s a t i s f i e d ,  Condition IV i s  

usua l ly  r e f e r r e d  t o  as t h e  Jacobi  Condition. A f u r t h e r  

geometric i n t e r p r e t a t i o n  of t h i s  condi t ion  i s  presented 

i n  t h e  fol lowing s e c t i o n .  

1 .3  The Nature of Mult-iple S ta t iona ry  Solut ions . 

It i s  h e l p f u l  i n  understanding t h e  na ture  of mud- 

t i p l e  s t a t i o n a r y  s o l u t i o n s  t o  c l a s s i f y  them by t h e  c i r -  

cumstances p e r t i n e n t  t o  th .e i r  occurrence.  The c l a s s i f i -  

c a t i o n  i s  not an  a p r i o r i  one, but  r a t h e r  one based on 

experience.  

1 .3 .1  Fixed Endpoint Problems and Path S u f f i -  

ciency Conditions. Mult iple  s t a t i o n a r y  s o l u t i o n s  a r e  

o f t e n  obtained f o r  problems w i t h  f i x e d  endpoints,  because 

only t h e  f i r s t  t h r e e  necessary condi t ions  have been con- 

s ide red .  B l i s s  (1946, p .  235) has shown i n  dependent 

v a r i a b l e  n o t a t i o n  t h a t  t h e  f o u r t h  necessary cond-ition of 

Jacobi ,  t aken  toge the r  with t h e  f i r s t  t h r e e  necessary 

condi t ions ,  s u i t a b l y  s t rengthened,  forms a s u f f i c i e n t  s e t  

of condi t ions  f c r  t h e  Problem of Bolza. 
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Although a n a l y t i c a l l y  complex, the  Jacobi  condi- 

t i o n  has  a simple geometric i n t e r p r e t a t i o n  for problems 

w i t h  one s t a t e  v a r i a b l e .  I n  t h i s  case t h e  s e t  of a l l  

so lu t ions  forms a one dimensional family of extrema1 a r c s ,  

y = y(t,c), which a l l  pass  through t h e  i n i t i a l  po in t  as 

shown i n  Figure (1.1) e 

p a r t i c u l a r  value of e .  

i n t e r s e c t  i n  t h e  l i m i t  as E goes t o  0, t h e  poin t  of i n t e r -  

s e c t i o n  i s  c a l l e d  a conjugate p o i n t .  The locus of such 

i n t e r s e c t i o n s  i s  c a l l e d  t h e  discr iminant  locus a l s o  shown 

i n  Figure (1.1) . 

With each a r c  i s  associat .ed a 

If a r c s  y(t,c) and y ( t , c  4- e )  

Discriminant 
/I Locus 

Optimal Solut ions 

F3-g. 1.1 A Fainily of' Extremals and t h e  Di sc r i r inan t  
L O C U S  
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I n  terms of t h i s  geometry, t h e  Jacobi  condi t ion  

r equ i r e s  t h a t  a n  opt imal  t r a j e c t o r y  con ta in  no conjugate 

p o i n t .  A l t e rna t ive ly ,  t h e  condl t lon  requi-res t h a , t  an  

optimal s o l u t i o n  may not touch t h e  discr iminant  locus .  

Figure (1.1) shows t h a t  t h e r e  a r e  two so lu t ions  j o i n i n g  

p o i n t s  0 and A, one of which touches t h e  discr iminant  

locus and i s  t h e r e f o r e  non-optimal. If t h e  f o u r t h  neces- 

s a r y  condi t ion  of Jacobi  i s  appl ied  i n  such cases  of mul- 

t i p l e  s t a t i o n a r y  s o l u t i o n s ,  a l l  bu t  one of t h e  t r a j e c t o r -  

i e s  w i l l  be shown t o  con ta in  a po in t  conjugate t o  t h e  

i n i t i a l  p o i n t ,  thus rendering them non-optimal. 

E:xamples of t h i s  occurrence a r e  many. The 

Brachistochrone problem w i t h  f i x e d  endpoints g raph ica l ly  

i l l u s t r a t e s  t h e  problem. Consider t h e  problem of a bead 

s l i d i n g  down a wire  under t he  inf luence  of' g r a v i t y  a lone.  

Wnat should t h e  shape of t h e  wire  be i n  order  t o  minimize 

t h e  t i m e  of t r a n s i t  between two p o i n t s  i n  a v e r t i c a l  plane? 

It i s  we l l  known that  t h e  s o l u t i o n  curves a r e  cyc lo ids .  

However, as shown i n  Figure 1 . 2 ,  t h e r e  a r e  s e v e r a l  d i f f e r -  

e n t  cye lo ids  which s a t i s f y  t h e  necessary condi t ions of 

the ca lcu lus  of v a r i a t i o n s .  It can be seen tha t  the  

x-axis forms t h e  d iscr iminant  locus and t h a t  t h e  po in t s  

where s o l u t i o n s  1 and 2 touch t h e  discr iminant  locus a r e  

conjugate p o i n t s .  Since s o l u t i o n s  1 and 2 v i o l a t e  t h e  

Jacobi  condi t ion ,  it i s  evident  t h a t  s o l u t i o n  3 i s  t h e  

t rue  opt i r m m  



D i s c r i n i i  naint Locus 

Fig.  1 . 2  Mu.l.tip3.e Stationary Solu t ions  f o r  t he  Brachri- 
stochrone Problem 

I n  t h i s  case  i t  has been poss ib l e  to d i s t i n g u i s h  

t h e  t r u e  optimum from t h e  candidates  by applying s u f f i -  

c iency condi t ions  p e r t a i n i n g  t o  t h e  pa th .  Although t h e  

f o u r t h  necessary cond i t ion  of Jacobi  has been. exhib i ted  

i n  c o n t r o l  n o t a t i o n  f o r  f i x e d  endpoint problems 

(Hestenes, 1966, pp. 250-286), it has not been f r equen t ly  

used i n  engineer ing problems due t o  complications i n  

applying it  t o  cases  where t h e  Euler-Lagrange d i f f e r e n t i a l  

equations cannot be i n t e g r a t e d  a n a l y t i c a l l y .  

1.3.2 Variable Endpoint Problems. Problems with 

v a r i a b l e  endpoints r e q u i r e  t h a t  t h e  endpoints of t h e  tra- 

j e c t o r i e s ,  as we l l  as t h e  pa th ,  be se l ec t ed  i n  a n  optimum 
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fash ion .  Consider t h e  geodesics problenz of t r y i n g  to 

f i n d  the  minimum d i s t ance  from t he  o r i g i n  to a given 

parabola as shown i n  Figure (1 .3) .  It w i l l  be shown i n  

Chapter 2 t h a t  t w o  s t a t i o n a r y  s o l u t i o n s  e x i s t ,  v i z . ,  OA 

and OB. Once an  endpoint i s  determined, t h e  problem 

Fig .  1.3 Iqulttple S t t t t . i  onary Solutrions t o  a Geodetics 
Problem 

becomes one of f ixed  endpoints,  and thi! pa th  s u f f i c i e n c y  

condi t ions  prev ious ly  discussed can then  be app l i ed .  I n  

t h i s  case,  w i t h  t h e  endpoint, A o r  B, thought of as being 

f ixed ,  it can be shown t h a t  both s o l u t i o n s  s a t i s f y  t h e  

Jacobi surf  i c i ency  condi t ions  regarding pa th  (Bolza, 1961, 

pp. 84-86). Since both pa ths  s a t i s f y  s u f f i c i e n c y  condi- 

t i o n s ,  bu t  t h e  endpoints wzre determined from necessary 
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condi t ions only,  it i s  apparent that  a su f f i c i ency  condi- 

t i o n  regarding endpoints i s  needed t o  dis t ingui-sh t h e  

t r u e  optimal.  Such a n  endpoint su f f i c i ency  condi t ion  

does e x i s t  and w i l l  be  derived i n  Chapter 2, It w i l l  be 

shown t h a t  only one of the s o l u t i o n s  w i l l  r epresent  a 

l o c a l  minimum w i t h  respec t  t o  v a r i a t i o n  of t h e  endpoint 

along the parabola .  

1.3.3 Problems Requiring Path and Endpoint S u f f i -  

ciency Conditions.  I n  t h e  l as t  two sec t ions ,  t h e  neces- 

s i t y  of using pa th  su f f i c i ency  condi t ions and endpoint 

su f f i c i ency  coiidit ions w a s  i l l u s t r a t e d .  s epa ra t e ly .  It i s  

not  unusual,  however, t o  encounter problerns r equ i r ing  the 

app l i ca t ion  of both suff ic iency’  condi t ions  t o  d i s t i n g u i s h  

t h e  t r u e  optimum from t h e  s e t  of mu l t ip l e  s t a t i o n a r y  solu- 

t i o n s .  To i l l u s t r a t e  t h i s  s i t u a t i o n ,  reconsider  t h e  Brach- 

i s t roch rone  problem where t h e  f i n a l  endpoint,  i n s t e a d  of 

being f ixed ,  i s  required t o  be on curve E as shown i n  Fig- 

ure (1.4). Both t r a j e c t o r i e s  OAB and OB sat isfy t h e  end- 

po in t  su f f i c i ency  condi t ions;  that  i s ,  both so lu t ions  

represent  a l o c a l  minimum w i t h  r e spec t  t o  s m a l l  v a r i a t i o n s  

of t h e  endpoint a long endpoint manifold E. A s  discussed 

before ,  ?oink A i s  a conjugate p Q i n t ,  thus  v i o l a t i n g  the 

Jacobi  p a t h  su f f i c i ency  condi t ion .  

v i o l a t e s  the endpoint po in t  su f f i c i ency  condi t ion;  tha t  

i s ,  endpoint C represents  a l o c a l  maximum w i t h  r e spec t  to 

Trajec tory  OC 
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0 A 

Fig .  1 .4  A Problem Requiring b o t h  Path and Endpoint 
Suf f ic iency  Conditions 

small v a r i a t i o n s  of t h e  endpoint along E. Thus through 

t h e  use of both s u f f i c i e n c y  condi t ions,  OB i s  s e l e c t e d  

as t h e  t r u e  optimum. 

1 .3  .& Problems with Periodic  Solu t ions .  Consider 

a system of equations (1.2.3) which e x h i b i t  per iodic  o s c i l -  

l a t i o n s  when no c o n t r o l  e f f o r t  i s  app l i ed .  It i s  not 

unusual f o r  the opt imal  c o n t r o l s  and a d j o i n t  v a r i a b l e s  of 

such a system to a l s o  demonstrate pe r iod ic  motion w i t h  

the same per iod .  T h i s  i s  e s p e c i a l l y  t r u e  i f  t h e  magnitude 

of t h e  c o n t r o l  i s  s m a l l .  By r e s t r i c t i n g  t h e  magnitude of 

the c o n t r o l  t o  s u f f i c i e n t l y  s m a l l  values ,  t he  dev ia t ion  

between the  s o l u t i o n  from one per iod t o  t h e  next ea,n be 
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made as s m a l l  as des i r ed .  Problems wi th  bounded c o n t r o l  

of t e n  have c o n t r o l s  wi th  such s m a l l  magnitudes. 

The c r i t e r i o n  by which t h e  s o l u t i o n  i s  terminated 

i s  o f t e n  pe r iod ic  f o r  problems e x h i b i t i n g  pe r iod ic  o s c i l -  

l a t i o n s .  The te rmina t ing  or cutoff  condi t ion  i s  obtained 

from the t r a n s v e r s a l i t y  condi t ions  (1 .2 .12 )  - (1.2.15) by 

e l imina t ing  t h e  1 ~ .  parameters,  to form a s i n g l e  r e l a t i o n -  

s h i p  among t h e  s t a t e  and a d j o i n t  v a r i a b l e s .  The zeros of 

t h e  cutoff func t ion  then  represent  t h e  te rmina t ing  condi- 

t i o n .  A s  an  example, cons ider  t h e  problem of  a t h r u s t i n g  

harmonic o s c i l l a t o r :  a rnass i s  connected i n  p a r a l l e l  by a 

sp r ing  and dashpot t o  an  i n e r t i a l  r e f e rence .  The mass i s  

capable of genera t ing  a bounded t h r u s t  i n  t h e  upward d i r ec -  

t i o n .  The problem i s  to g e t  the mass to a s p e c i f i e d  

he ight  while minimizing t h e  i n t e g r a l  of t h e  t h r u s t  with 

r e spec t  to t ime.  For s i m p l i c i t y  i t  i s  assumed t h a t  t h e  

m a s s  i s  cons t an t .  T h i s  problem i s  discussed i n  d e t a i l  i n  

Chapter 4. 

t h e  s ta te  v a r i a b l e s ,  p o s i t i o n  and v e l o c i t y ,  the  a d j o i n t  

v a r i a b l e s ,  and t h e  cu to f f  f u n c t i o n  a l l  e x h i b i t  damped 

pe r iod ic  o s c i l l a t i o n s .  As shown i n  Figure (1.5) t h e  cu t -  

Of f  condi t ion  i s  s a t i s f i e d  during each per iod .  For s u f f i -  

c i e n t l y  s m a l l  t h r u s t  amplitudes t h e  cu to f f  func t ion  w i l l  

dev ia t e  only s l i g h t l y  from t h a t  generated f o r  n u l l  t h r u s t ,  

and w i l l  be s a t i s f i e d  a t  s e v e r a l  p o i n t s .  

R 

For s m a l l  damping f a c t o r s  and n u l l  t h r u s t ,  



Fig. 1.5 Mult.iple Solu t ions  Due to a Periodj-c 
Cutoff Function 

Each t ime t h e  cuLtoff condi t ion i s  sa-kisf ied,  a 

p o t e n t i a l  optimal endpoint and a corresponding s t a t i o n a r y  

s o l u t i o n  i s  obtained.  Thus i n  pe r iod ic  systems w i t h  weak 

bounded c o n t r o l ,  mu l t ip l e  s t a t i o n a r y  so lu t ions  may be 

encountered. Examples of such systems a r e  presented i n  

Chapter 4 and Chapter 5. 

1.3.5 Problems w i t h  Singular  Control.  I n  t he  case  

of  op t imiza t ion  problems w i t h  bounded c o n t r o l  v a r i a b l e s  , 
for example, u 

i n g  problem of t h e  p o s s i b i l i t y  of s i n g u l a r  c o n t r o l .  I n  

cases  where the  Hamiltonian i s  l i n e a r  i n  a bounded con- 

t r o l  v a r i a b l e ,  t h e  c o n t r o l  cannot be determined from 

> u - > urnax, one encounters t h e  i n t r i g u -  min - 

. 
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Euler-Iagrange equation (1,2.11). I n  t h i s  case t h e  

Hamiltonian can be w r i t t e n  as 

f o r  s c a l e r  c o n t r o l .  S i s  r e f e r r e d  to as the  switching 

func t ion .  The well-known Maximum Pr inc ip l e  for problems 

w i t h  bounded c o n t r o l  developed by Pon-tryagin - e t  4- a l .  (1962) 

r equ i r e s  t ha t  

u = u  rnax 

min 

However, f o r  t h e  case  when 

time i n t e r v a l ,  t h e  Maximum 

u may take  on in te rmedia te  

u = u  
when S > 0 (1.6.2) 
when S .f 0 

S z 0 over a non-vanishing 

P r inc ip l e  i s  indeterminant and 

va lues .  T h i s  i s  t h e  case  0% 

singulai- c o n t r o l .  George Leitmann has pointed out t h a t  

(1966, pp. 57-58), While it i s  poss ib l e  i n  a p a r t i c u l a r  11 

problem . . .  t o  r u l e  out  t h e  p o s s i b i l i t y  of [ s i n g u l a r  con- 
I1 troll, t h i s  cannot be done i n  genera l .  Thus, whenever 

t h e  switching func t ion  goes to zero,  t h e  c o n t r o l  w i l l  

change, i . e . ,  t h e  c o n t r o l  w i l l  switch t o  t he  opposi te  

extreme or t o  s i n g u l a r  c o n t r o l .  

To demonstrate the ex is tence  of mul t ip l e  s t a t i o n -  

a r y  so lu t ions  i n  the case of s ingu la r  con t ro l ,  exa3ine t h e  

problem of minimizing 
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sub jec t  to t h e  c o n s t r a i n t s  : 

x1 = x2 f u xl(o) = X T 0  X 1 ( m ) ' =  0 - _  
( 1.6 .4) 

x = -  U 2 

I4 5 1 
T h i s  problem w a s  f i r s t  discussed by Johnson and Gibson 

(1963) * 

The Hamiltonian i s  

2 H = (A1-X2)u -1- X1x2 - x1 / 2  = hl(x2 t- u )  - x2(u)  - x12/2 

I n  t h i s  case S = X If  S i s  i d e n t i c a l l y  zero f o r  

a non-vanishing time i n t e r v a l ,  s i n g u l a r  c o n t r o l  e x i s t s .  

By tak ing  a s u i t a b l e  number of time d e r i v a t i v e s ,  i t  can be 

- X 2 ,  1 

shown t h a t  t h e  s i n g u l a r  control i s  given by u = -x1-x2> 

and that  t h e  s i n s u l a r  a r c s  a r e  t w o  l i n e s  x l ( t )  = 0 and 

X l ( t )  4- 2x2( t )  = 0. 

Figure (1 .6)  shows two p o s s i b l e  s t a t i o n a r y  solu-  

t i o n s  to t h e  problem s t a r t i n g  a t  po in t  A, one of which 

has a s i n g u l a r  subarc.  The f i r s t  a r c  AB i s  t h e  same f o r  

bo th  s o l u t i o n s .  I n  both  s o l u t i o n s  u = -1 on a r c  AB. 

However, a t  po in t  By two choices can be made f o r  t h e  

opt imal  c o n t r o l .  One ca,n continue w i t h  u = -1 along a r c  

BC and then  f o l l o w  arc CO t o  t h e  o r i g i n  with u = -+ 1. 

T h i s  i s  the so -ca l l ed  "bang-bang" s o l u t i o n .  A l t e rna te ly ,  
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at poin t  B one may e l e c t  s i n g u l a r  c o n t r o l ,  u = x2, and 

proceed to t he  o r i g i n  d i r e c t l y  along a r c  BO. 

Bang-Bang S o l u t i o n  1 
= o  

Fj.g. 1 .6  M u l t j p l e  Solutions Arising from Singular  
Control 

Unfortunately,  t h e r e  i s  no guarantee that  t h e  

s o l u t i o n  wi th  s i n g u l a r  c o n t r o l  i s  minimizing or t h a t  it 

w i l l  always e n t e r  t h e  opt imal  s o l u t i o n ,  even i f  t h e  p o s s i -  

b i l i t y  of s i n g u l a r  s o l u t i o n s  does e x i s t .  I n  t h i s  case t h e  

s o l u t i o n  wi.th bang-bang c o n t r o l ,  a r c  ABCO, has an  index of 

performance almost 12 pe r  cent  l a r g e r  than  for t h e  t r u e  

optimal c o n t r o l  which uses  t h e  s i n g u l a r  c o n t r o l  arc BO. 

Recently, Kelly,  Kopp and Moyer (1967) and Robbins 

(1965) have developed a new necessary cond i t ion  f o r  t e s t -  

i ng  the  op t ima l i ty  of s i n g u l a r  subarcs .  Although t h i s  
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necessary condition will certainly eliminate a substan- 

tial number of non-optimal singular solutions, a complete 

set of nxessary and sufficient conditions still remain 

to be found. 



CHAPTER 2 

AN ENDPOINT STJF’FICTF,T\TCY C O N D I T I O N  

I n  Chapter 1 it has been shown t h a t  f a i l u r e  t o  

apply su f f i c i ency  condi t ions  t o  problems i n  t h e  ca l cu lus  

of v a r i a t i o n s  o f t e n  r e s u l t s  i n  mul t ip l e  so lu t ions ,  some of 

which a r e  non-optimal. Tine exampl-es have e s t ab l i shed  t h a t  

mu l t ip l e  solu- t ions occur i n  many types of v a r i a t i o n a l  prob- 

lems and f o r  t h e  s implest  of problem formulat ions.  I n  

add i t ion ,  a complete s e t  of su f f i c i ency  condi t ions needed- 

t o  s e l e c t  t h e  t r u e  optimal has not been forniulated i n  

modern s t a t e - v a r i a b l e ,  con t ro l -va r i ab le  no ta t ion .  

I n  t h i s  chapter  an endpoint su f f i c i ency  condi t ion  

i s  developed for v a r i a t i o n a l  problems w i t h  v a r i a b l e  end- 

p o i n t s .  Among t h e  mul t ip le  s t a t i o n a r y  s o l u t i o n s  that  may 

e x i s t ,  t h e  condi t ion  provides a t e s t  for d i s t ingu i sh ing  

those  s t a t i o n a r y  s o l u t i o n  endpoints which represent  a mini- 

mum. By way of proving t h e  endpoint s u f f i c i e n c y  condi t ion,  

a novel proof of t h e  t r a n s v e r s a l i t y  necessary cond i t ion  i s  

a l s o  exhib i ted .  The endpoint su f f i c i ency  condi t ion  i s  

r e l a t e d  t o  s u f f i c i e n c y  condi t ions of t h e  c l a s s i c a l  ca lcu lus  

of v a r i a t i o n s  i n  s e c t i o n  2.4.  I n  s e c t i o n  2.5 t h e  s u f f i -  

c iency condi t ion  i s  j - l lu-s t ra ted with an  example problem. 

23 
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F ina l ly ,  a, numerical  a lgori thm i s  developed f o r  applying 

t h e  endpoint su f f i c i ency  condi-Lion to problems w i t h  no 

a n a l y t i c  so lu t ion .  

2 . 1  Functional- Relat ionships  f o r  t h e  Problem I of Bolza 

Heur is t ic  arguments i n  Chapter 1 have implied t h a t  

t h e  necessary and s u f f i c i e n t  condi t ions for t h e  Problem of 

Bolza f a l l  i n t o  two c l a s s e s :  those p e r t a i n i n g  t o  t h e  pa th  

and those p e r t a i n i n g  to t h e  endpoints.  It has been f u r t h e r  

implied that  su f f i c i ency  condi t ions p e r t a i n i n g  to t h e  end.- 

po in t s  can be considered independently from those  p e r t a i n -  

i n g  t o  pa th .  Consider the  Problem of Bolza as expressed 

i n  s e c t i o n  1 . 2 ,  equations (1.2.1) - (1.2*5). I n  t h i s  

formulation, and f o r  t h e  remainder of t h i s  chapter ,  the 

con t ro l s  uk a r e  assumed t o  be unbounded func t ions  of 

t ime. I n  add i t ion ,  it i s  now assumed tha t  t h e  Jacobian 

i s  not  equal  t o  zero 

a xil, au,, . . . )  xk 
f o  (2 .1 .1)  i a H  a H  I 

d('l>u27"'9Uk) 

f o r  a l l  po in t s  (uI,u2, ..., uk) i n  the  c o n t r o l  space.  

func t ion  H has been previous ly  def ined in equat ion 

(1 .2 .8) .  If equat ion ( 2 . 1 . 1 )  i s  vaLid, t h e  i m p l i c i t  func- 

t i o n  theorem (Buck, 1965, pp. 283-286) assures  t he  

ex is tence  of the k f u n c t i o n a l  r e l a t i o n s  

The 

u k = Uk[Yi(t)YXi(t)l (2 .1 .2 )  
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because of t h e  k c o n t r o l  v a r i a b l e  Euler-Lagrange equa- 

t i o m  (1.2.11) . Condition ( 2  l. l) speci-f i c a l l y  e l imi-  

na t e s  froln cons ide ra t ion  those systems i n  which any s t a t e  

varia,ble d e r i v a t i v e ,  $ as def ined i n  equat ion (1.2.3)  

i s  a l i n e a r  func t ion  of any of t h e  c o n t r o l  v a r i a b l e s .  It 

i s  t h e r e f o r e  assured t h a t  the  c o n t r o l  v a r i a b l e  Euler- 

Lagrange equat ions (1.2.11)  w i l l  be e x p l i c i t  func t ions  of 

k' U 

A s o l u t i o n  to t h e  Problem of Bolza i s  spec i f i ed  

by so lu t ions  f o r  the  s ta te  v a r i a b l e s  yi, as well as t h e  

c o n t r o l  v a r i a b l e s  uk, as func t ions  o f  t ime. A s e l e c t i o n  

of t h e  i n i t i a l  t ime and t h e  f i n a l  t i m e  completes t h e  

s o l u t i o n .  To o b t a i n  these  s o l u t i o n s ,  t h e  control.  v a r i a b l e  

Ebler-Lagrange equations a r e  f i r s t  solved for t h e  c o n t r o l  

va r i ab le s  uk as func t ions  o f  t he  s t a t e  v a r i a b l e s  yi and 

t h e  a d j o i n t  v a r i a b l e s  X i .  The c o n t r o l  v a r i a b l e s  i n  the  L 

func t ion  i n  equat ion (1 .2 .5 )  and i n  t h e  f i  func t ions  i n  

t h e  s t a t e  v a r i a b l e  d i f f e r e n t i a l  equat ions (1 .2 .3)  are then  

replaced by the f u n c t i o n a l  r e l a t i o n s h i p  for u given i n  

equat ion ( 2 . 1 . 2 ) .  

now e x p l i c i t l y  dependent only on the  s t a t e  v a r i a b l e s ,  t h e  

a d j o i n t  v a r i a b l e s ,  and t ime. 

The func t ions  fi and t h e  L func t ion  a r e  

f i  = f i b j ( t ) '  u k ( y j ( t ) , h j ( t ) ) ; t l  (2.1.3) 

L = L[Y * (t)  ;u-,(Yj ( t )  ,A j ( t ) )  ; t l  (2.1.4) 
3 
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Nith r e l a t i o n s  (2 .1 .3)  and (2 .1 .4)  s u b s t i t u t e d  i n t o  t h e  E1 

func t ion ,  equat ion (1 .2 .8 )  t h e  H func t ion  becomes an 

e x p l i c i t  func t ion  OP t h e  s t a t e  v a r i a b l e s ,  t h e  a d j o i n t  v a r i -  

a b l e s ,  and time, alone:  

(2 .1 .5 )  0 0 H = H C Y i ( t ) ; X i ( t > ; l ~ , ( Y i ( t > t X i ( t ) ) ; t 1  

F ina l ly ,  by consider ing t h e  a d j o i n t  v a r i a b l e  Euler-Lagrange 

equat ion (1..2.10) i n  view of equat ion ( 2 * 1 0 5 ) ,  it i s  evi-  

dent t h a t  a s i m i l a r  fumctional r e l a t i o n s h i p  e x i s t s  f o r  t h e  

t ime d e r i v a t i v e s  of a d j o i n t  v a r i a b l e s  , 
(2 .1 .6)  

I n  summary, once the  optimal c o n t r o l  i s  se l ec t ed ,  

t h e  s t a t e  v a r i a b l e  d i f f e r e n t i a l  equations (I. 2.3) and t h e  

a d j o i n t  v a r i a b l e  d i f f e r e n t i a l  equations (102.1.0) comprise 

a s e t  of 2n f i r s t  o rde r  nonl inear  d i f f e r e n t i a l  equat ions 

i n  t h e  2n s t a t e  and a d j o i n t  v a r i a b l e s  and t ime. This s e t  

of d i f f e r e n t i a l  equations can be i n t e g r a t e d  i n  theory,  

y i e l d i n g  

Yi = Y i ( t , c r )  r = 1 , 2 , .  . . ,2n  (2 .1 .7)  

A i  = X i ( t , C Y )  (2.1.8) 

where t h e  cy's a r e  cons tan ts  of i n t e g r a t i o n .  

v a r i a b l e  c o n s t r a i n t s  (1.2.4) and t h e  2n 3- 2 equat ions 

The p s t a t e  

r ep resen t ing  the  t r a n s v e r s a l i t y  necessary condi t ions 

(1.2.12) - (1.2.15) comprise a se t  of (2x1 + p + 2)  non- 

l i n e a r  a lgeb ra i c  equat ions i n  t h e  2n cons tan ts  c y >  t n e  p 
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parameters pR, t h e  i n i t i a l  t ime to, and t h e  f i n a l  t ime 

t f e  
t f .  However5 s ince  t h e  s e t  of equations i s  nonl inear ,  a 

unique s o l u t i o n  f o r  t hese  q u a n t i t i e s  i s  not gxaranteed. 

These equat ions may be solved f o r  t h c  c r i s ,  to and 

to) and t h e  f i n a l  

Hence, t h e  c r ’ s  may 
i o  9 ’io’ The i n i t i a l  values  ( y  

values  (y i f9ki f , t f )  a r e  s p e c i f i e d .  

be determined as a func t ion  of i n i t i a l  and/or f i n a l  V a l -  

ues by eva lua t ing  equations (2 .1 .7 )  and (2 .1 .8)  a t  e i t h e r  

t h e  i n i t i a l  or f i n a l  p o i n t .  For example, a s o l u t i o n  f o r  

t h e  c r l s  would be s p e c i f i e d  by t h e  s e t  (yio,Xio,to9tf) ,  

t h e  s e t  (yif , A i f  ,tf ,to) or t h e  s e t  (yio,yif 5 toy t f ) .  

While it i s  d i f f i c u l t  to a t t a c h  any phys ica l  meaning to 

t h e  i n i t i a l  o r  f i n a l  values  of t h e  Lagrange m u l t i p l i e r s ,  

t h e  i n i t i a l  and f i n a l  values  of t h e  s t a t e  v a r i a b l e s  have 

an  immediate phys i ca l  s ign i f i cance .  For t h i s  reason, t h e  

s t a t e  v a r i a b l e  endpoints have been s e l e c t e d  to funct ion-  

a l l y  represent  t h e  cr cons tan ts  of i n t e g r a t i o n  f o r  t h e  

r e s t  of t h i s  chapter .  Thus equations (2 .1 .7)  and (2 .1 .8)  

can. be w r i t t e n  as 

yJ = Y j  ( t , Y i 0 ’ Y i f ’ t O . t f )  (2 .1 .9)  

1 j = x j  ( t ,Y io - ’Yi f  ,to+) 

and to < t < tf 

(2.1.10) 

By s u b s t i t u t i n g  t h e  func t iona l  r e l a t i o n s h i p s  exhib i ted  i n  

equations (2 .1 .9 )  and (2.1.10)  i n t o  r e l a t i o n s  (2 .1 .2)  - 

( 2 . 1 . 6 ) ,  i t  can be seen t h a t  t h e  func t ions  uk, L , f i ,H , 0 
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and P. can all be written as explj-cit functions of the I 

set (t,yioJyif ,to,tf). These functional. relations, 

together with that for the function G from equation 

(1.2.7) are summarized for reference below: 

(2.1.11) 

So that there will be no confusion as to the meaning of 

the subscripts, note that 

c 

Ijf = I j l  t=tf 

{ 2.1.17) 

(2.1.18) 

(2.1.19) 

(2.1.20) 

Using the functional relationships summarized 

= J -I- pRi1rR where 
* 

above form the augmented function J 
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(2.1.21) 

-f- x . ( t 5 Y i O > Y i f ’ t 0 ’ t f )  Yj ( t Y Y i 0 ’ Y i f ’ t O > t f )  1 d t  

By r equ i r ing  t h e  t r a j e c t o r y  to sat isfy c e r t a i n  necessary 

J 

condi t ions  regarding path,  equations (1.2.10)  and. (1 .2 .11)  , 
t h e  Problem of Bolza has been reduced to t h e  problem of 

minimizing J, a f u n c t i o n  of endpoints,  sub jec t  to t h e  $ $  

a lgebra i c  c o n s t r a i n t s  on t h e  endpoints.  

Before proceeding with t h e  minimization of J, i t  

i s  appropr ia te  to consider  a g raph ica l  i n t e rp re t a t j -on  of 

t h e  f u n c t i o n a l  r e l a t i o n s h i p  f o r  t h e  s t a t e  va r i ab le s  

expressed i n  equat ion ( 2 . 1 . 9 ) .  Figure 2 . 1  shows a genera l  

to,t ) as a func t ion  of t ime. s t a t e  func t ion  y . ( t ,y io ,y i fy  

From t h e  f i g u r e  it can be seen  t h a t  a change i n  t h e  f i n a l  

s t a t e  Ayif while holding a l l  of t h e  o t h e r  endpoints f ixed  

causes a change i n  y f o r  a l l  values  of t. Likewise a 

change i n  t h e  f i n a l  t ime A t f  while holding a l l  of t h e  

o t h e r  endpoints f i x e d  causes a change i n  t h e  s ta te  yi 

f o r  a l l  values  of t .  

f 1 

i 

Formalizing t h i s  g raph ica l  i n t e r p r e t a t i o n  i n  terms 

of d i f f e r e n t i a l s  y i e l d s  r e s u l t s  which w i l l  be of value i n  

the fol lowing sec t ions .  Using equat ion ( 2 . 1 . 9 ) ,  the  



Fig. 2.1 A Representation of yi as a Funct ion of 
yif anti t f r  



d i f f e r e n t i a l  of t h e  s t a t e  v a r i a b l e s  may be w r i t t e n  as, 

aYi  a Y i  
d t f  -k ‘Yjo dYjo +% 

f f 0 

Evaluating t h i s  expression a t  t = tf gives  

d Y j f  
’f 

(2 .1 .23)  

The sum represen.ted by t h e  l a s t  term i n  t h e  above equat ion 

can be separated i n t o  those products f o r  which i 4 j and 

t h a t  f o r  which i = j .  

s i d e ,  equat ion (2.1.23)  becomes 

Transposing dyif t o  t h e  r i g h t  hand 

I n  t h e  above equat ion t h e  repeated subsc r ip t s  on 

t h e  l a s t  

and Yio’ 
(2.1.24) 

term do not  imply summation. 

Y i f  
implies  t h a t  

Since t, to, tf, 

have been assumed t o  be independent, equat ion 



a Y i  = o  K 
f 0 

Sf = o  

= 1  
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(2.1.25)  

(2.1.26) 

(2 .1 .27)  

(2 .1 .28 )  

(2 .1 .29)  

By eva lua t ing  equat ion  (2.1.22)  a t  t = to and 

fol lowing arguments similar to t h e  ones above, i t  can be 

shown t h a t  

hYi 
51 0 = O  

(2.1.30) 

(2.1.31) 

(2 .1 .32)  



aYi 

aYjo = o  
0 

if-j 
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(2.1.33) 

These identities will be useful in the proofs of 

necessary and sufficient conditions in the next section. 

2.2 Derivation of Transversality Cond-itions 

In determining the functional relationships in 

the last section, it was assumed that the control and 

adjoint variables were chosen so as to satisfy the E u l e r -  

Lagrange Equations (1.2.10) and (1.2.11) e Equations 

(1.2.10) and (1.2.11) are referred to as the first path 

necessary conditions. In this section the endpoint neces- 

sary conditions (transversality conditions) are derived 

assuming that the first necessary conditions for path are 

satisfied. 

The solution to the path necessary conditions 

determines one or more trajectories (see section 1.3), any 

of which may be expressed functionally as a set 

t ,t ) ]  as shown in section 2.1. Once the functions 

representing one of these trajectories is substituted into 
o f  

the integral in equation (2.1.21), the integration can be 
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performed. It i s  t h e r e f o r e  c l e a r  t h a t  once t h e  t r a j e c -  

t o r y  i s  s p e c i f i e d ,  J i s  a func t ion  of only t h e  parameters 

yioJ yif9 to and tP. 

problem of minimizing J t o  t h e  well-known problem of 

f ind ing  t h e  minimum of a f u n c t i o n  of s e v e r a l  va r i ab le s  

s u b j e c t  t o  a lgeb ra i c  equat ions of c o n s t r a i n t  (Bryson and 

Specifying t h e  p a t h  reduces t h e  

Ho Y 1969) - 
It i s  shown i n  Appendix A t h a t  i f  t h e  arguments 

of J i n  equat ion (2.1.21) a r e  to s a t i s f y  t h e  c o n s t r a i n t s  

and minimize J, t hen  i t  i s  necessary t h a t  t h e  p a r t i a l  

d e r i v a t i v e s  of t h e  a u x i l i a r y  func t ion ,  J shown below, 

w i t h  respec t  t o  yioy yif ,  to, and. tf a l l  be equal t o  zero.  

* 

% -  The J func t ion  i s  def ined by J - J -t. p R I R  where 

J i s  given by equat ion (2.1.21). Using t h e  d e f i n i t i o n  of 

t h e  func t ion  G from equat ion  (l.2.8)y J may be funct ion-  

a l l y  represented as 

%- 

I n  t h e  above equat ion it i s  understood that yi, Xi, and 

u are a l l  func t ions  of t h e  set ( t ,y ioyyi fy toytp>.  I n  

w r i t i n g  t h e  f u n c t i o n a l  r e l a t i o n s h i p  shown above, it has 

been assumed t h a t  t h e  c o n t r o l s  uk have been chosen i n  an 

optimal fash ion  i n  accordance w i t h  t h e  c o n t r o l  v a r i a b l e  

k 
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Euler-Lagrange Equation (I e 2.11)  Th.is i s  ind ica t ed  by 

th.e s u p e r s c r i p t  o on uk and on H. 

t i v e  of J 

The p a r t i a l  der iva-  
x- 

with r e spec t  t o  yio can now be w r i t t e n :  

(2.2.2) 

Here Leibni tz  Rule (Hildebrand, 1gL1-8, p .  360) has been 

used. f o r  d i f f e r e n t i a t i o n  of a n  i n t e g r a l  with r e spec t  t o  a 

parameter - Using t h e  i d e n t i t y  

a 1-1 and expanding r, equat ion (2 .2 .2 )  may be w r i t t e n  as 
yjo 

d t  -l- 

Terms under the  i n t e g r a l  s i g n  may be combined t o  g ive  

aYi 

5 (2.2.5) 
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Note from equations (2.1.9) and (2.1.10)  t h a t  once t h e  

optimal endpoints have been s e l e c t e d ,  

aYi  dYi a h i  axi 
-d t=d t  and = dt. 

The i n t e g r a l  t e r m  vanishes ,  s ince  equat ions ( 1 * 2 . 3 ) ,  

(1 .2 .10)  and (1 .2 .11)  were used to genera te  t h e  func- 

t iona- l  r e l a t i o n s  (2 .1 .9)  and (2 .1 .10 ) .  

Using equations (2 .1 .27) ,  (2 .1 .33)  and (2 .1 .34) ,  

i t  can be concluded that  t h e  sums represented by t h e  two 

remaining terms not conta in ing  G i n  equat ion (2.2.5)  

reduce t o  a s i n g l e  t e r m ,  - X j  . W i t h  t hese  considera- 

t i o n s ,  equation (2 .2 .5)  reduces to 

(2 .2 .6 )  

-E 
By t ak ing  t h e  d e r i v a t i v e  of J 

using arguments s i m i l a r  to those  j u s t  presented ( i n  

t h i s  case  equations (2 .1 .32) ,  (2.1.28) and (2 .1 .29)  must 

be taken i n t o  account) ,  it can be shown that  

wLth r e spec t  t o  yjf and 

(2 .2  *7) 

Two more necessary condi t ions remain t o  be 

der ived.  These r e s u l t  from t ak ing  t h e  p a r t i a l  der iva-  

t i v e s  of J with r e spec t  t o  t h e  remaining two v a r i a b l e s ,  
-E 
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t and tfa Performing t h e  f i r s t  of t hese  operat ions 

y i e l d s  
0 

t0 

- [- H 4- X i  >] 

t 

(2.2.8) 

Here aga in  Leibii i tz Rule has been used; t h i s  time t h e  

l i m i t s  of i n t e g r a t i o n  a r e  func t jons  of t h e  d i f f e r e n t i a t i n g  

v a r i a b l e .  Using t h e  i d e n t i t y  

aH and expanding equatLon ( 2 . 2 . 8 )  may be w r i t t e n  as 

(2.2.10) 
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(2.2.11) 

The i n t e g r a l  aga in  vanishes i d e n t i c a l l y  f o r  opt.iinal paths  * 

Using equations (2.1.26) and (2.1.30), t h e  t h r e e  terms 

ou t s ide  the  i n t e g r a l  represent ing  summations can a l s o  be 

equated t o  zero .  With these  observat ions equat ion 

(2.2.11)  reduces t o  

(2.2.12) 

%- 
By t ak ing  the  d e r i v a t i v e  of J wi th  r e spec t  t o  

t f J  fol lowing a l i n e  of reasoning similar t o  t h a t  j u s t  

given, and using equations (2.1.31) and (2.1.25)  it can 

be shown t h a t  

(2.2.13) 



These r e s u l t s  a r e  

statement : 

2 .2 .1  Transversal  

summarized i n  t h e  

t y  Necessary Cond 
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fol lowing 

t i o n  f o r  End- 

p o i n t s .  If  a t r a j e c t o r y  s a t i s f i e s  t h e  Euler-Lagrange and 

s t a t e  v a r i a b l e  d i f f e r e n t i a l  equations,  equations ( 1 . 2 .  lo) , 
(1 .2 .11) ,  and (1.2.3), and if t h e  s e t  E = [y io ,y i f J~oy  

s a t i s f i e s  endpoint equations of c o n s t r a i n t  (1 .2 .4)  

and provides a l o c a l  minimum of J wi th  respec t  to small 
%f ' P A  

allowable v a r i a t i o n s  i n  t h e  endpoints,  t hen  t h e  se t  E 

must s a t i s f y  equations (2.2.6), ( 2 . 2 . 7 ) ,  (2 .2 .12)  and 

(2 .2 .13) .  

These l a t t e r  equations are r e f e r r e d  to as t h e  

endpoint necessary condi t ions o r ,  c l a s s i c a l l y ,  as t h e  

t r a n s v e r s a l i t y  necessary condi t ions .  

2 .3  Derivation of Endpoint Suf f ic iency  Conditions 

I n  t h e  l a s t  s e c t i o n  t h e  f u n c t i o n  J w a s  shown to 

be a func t ion  of t h e  endpoint v a r i a b l e s  yio,yif,to, and 

tf when evaluated along an optimal pa th .  The func t ion  J 

i s  constrained,  however, through t h e  p equations of con- 

s t r a i n t  $ A  of equat ion (1 .2 .4) .  

for determining the  minirnu-m of a f u n c t i o n  whose arguments 

Suff ic iency  condi t ions  

must s a t i s f y  a lgeb ra i c  equations of c o n s t r a i n t  a r e  w e l l  

known (Vincent, 1969) , and, f o r  re ference ,  t h e  s u f f i c i e n c y  

condi t ions are derived. i n  matrix n o t a t i o n  i n  Appendix A. 
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Before p re sen t ing  a skaternent of t h e  s u f f i c i e n c y  

condi t ion,  a b r i e f  discu-ssion and d e f i n i t i o n  of notaation 

a r e  i n  order .  Since t h e  a l g e b r a i c  equations of con- 

s t r a i n t  for t h e  Problem of Bolza de f ine  r e l a t i o n s h i p s  

among t h e  endpoint v a r i a b l e s ,  t h e  endpoint va r i ab le s  a r e  

not a l l  independent.  Since t h e r e  a r e  p equations of con- 

s t r a i n t  and (2n i- 2) endpoint v a r i a b l e s ,  t h e r e  a r e  only 

(2n - p 4- 2 )  independent endpoint v a r i a b l e s .  The p 

dependent v a r i a b l e s  are determined by the  p equat ions of 

c o n s t r a i n t .  Any p of t h e  v a r i a b l e s  can be considered t o  

be t h e  dependent v a r i a b l e s .  The choice i s  one of con- 

venience,  Let t h e  p dependent v a r i a b l e s  be denoted by 

t h e  column vec to r  - w and t h e  remaining (2n - p i 2)  inde- 

pendent v a r i a b l e s  be denoted by t h e  column vec tor  - v .  

Let t h e  vec to r  - ~ represent  a vec to r  whose elements a r e  

t h e  ( J ~  c o n s t r a i n t  func t ions .  

r i z e s  these  r e l a t i o n s .  

Equation (2.3.1) summa- 

q = 2 n - p + 2  

The i d e n t i f i c a t i o n  of t h e  elements of v and t h e  - 
elements of L w w i t h  t h e  endpoints yio,yif,to, and tf i s  
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a r b i t r a r y  except t h a t  t h e  s e t  of )$  equat ions must con- 

t a i n  every element of - w and, i n  add i t ion ,  every $ &  equa- 

t i o n  must con ta in  a t  l e a s t  one element of - w. It i s  con- 

venient  to def ine  an a d d i t i o n a l  column vec to r  L r, whose 

f i r s t  elements a r e  the  dependent v a r i a b l e s  and last  

elements t he  independent v a r i a b l e s  : 

With these  vec-tors def ine  [:&I 
(2n f 2)  matr ix  w i t h  elements aij - a J’ 

as a (2n -t 2 )  by 

L e t  t h e  
- i 3 - p F j *  

mat r ix  P be def ined by 

(2 .3 .3)  

a$ i  
where [$] i s  a p by p matrix w i t h  elements aij = K; 

J - 

adii 

J 
and [z] i s  a p by q matr ix  w i t h  elements aij = K .  

- 

It i s  shown i n  Appendix A that  t h e  P, matr ix  i s  t h e  l i n e a r  

t ransformat ion  which transforms d i f f e r e n t i a l  changes i n  

t h e  independent v a r i a b l e s  i n t o  d i r f e r e n t i a l  changes i n  
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t h e  dependent v a r i a b l e s .  The Q matrix has p rows and q 

columns. F ina l ly ,  def ine  t h e  (2n + 2 )  by q p a r t i t i o n e d  

matr ix  R as 

R =  (2.3.4) 

where I represents  a q by q i d e n t i t y  matrix.  

With these  d e f i n i t i o n s  t h e  endpoint su f f i c i ency  

condi t ion  may now be s t a t e d :  

2.3.1 Endpoint Suf f ic iency  Condritrion. I f  E 

represents  a s e t  of endpoints and m u l t i p l i e r s  [yid,yif, 

J t f J P. 1 ] which s a t i s f y  the  t r a n s v e r s a l i t y  necessary 

condi t ion  for endpoints,  then a su.f P i c i e n t  condi t ion  f o r  

the s e t  E to represent  a, l o c a l  minimum of t h e  func t ion  

J w i t h  respec t  to small allowable v a r i a t i o n s  i n  t he  end- 

po in t s  i s  t h a t  t h e  quadra t ic  form 

(2.3.5) 

i n  t he  d i f f e r e n t i a l s  dv must be p o s i t i v e  d e f i n i t e  when 

evaluated a t  t h e  s t a t i o n a r y  poin t  E.  

- 

To implement t h i s  su f f i c i ency  t e s t ,  it i s  nece's- 

s a r y  to evalua te  the elements of the  mat r ix  il and the 

elements of t h e  matrix [,gi] . Evaluation of elements 

of @ represents  no problem s i n c e  t h e  f u n c t i o n a l  form of 



t h e  c o n s t r a i n t s  i s  s p e c i f i e d  i n  t h e  prob 

However, t h e  a n a l y t i c  eva lua t ion  of t h  

d e r i v a t i v e s  of J e c t  

simple.  

-E 

The second p a r t i a l  d e r i v a t i v e s  of J can be 

obtained by t ak ing  t h e  p a r t i a l  d e r i v a t i v e s  of t h e  t r a n s -  

v e r s a l i t y  necessary condi t ions  w i t h  r e spec t  t o  t h e  end- 

po in t s  rie 

where i n  t h e  above equat ions i = 1,2,. . . , 2n+2. The func- 

t i o n a l  form of G as a func t ion  of t h e  endpoints i s  spec i -  

f i e d  by t h e  s ta tement  of t h e  problem. However, t h e  

func t ions  1 and H a r e  not known func t ions  of t h e  

po in t s  u n t i l  t h e  s t a t e  v a r i a b l e  and Euler-Lagr 

e n t i a 1  equat ions have been i n t e g r a t e d  a n a l y t i c a l l y .  

j 

Since a n a l y t i c a l  i n t e g r a t i o n  i s  o f t e n  d i f f i c u l t  

Id be d e s i r a b l e  to e v a l  t h  
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p a r t i a l  d e r i v a t i v e s  of A i  and H w i t h  respec t  to t h e  end- 

po in t s  i n  terms of f u n c t i o n a l  forms s p e c i f i e d  i n  the 

statement of t h e  problem. A complete set  of r e l a t i o n -  

sh ips  of t h i s  type were not found. Unless f u t u r e  inves- 

t i g a t o r s  e s t a b l i s h  such r e l a t i o n s h i p s ,  a n a l y t i c  appl ica-  

t i o n  of' t h e  s u f f i c i e n c y  condi t ion  r equ i r e s  an  a n a l y t i c  

s o l u t i o n  of t h e  s t a t e  v a r i a b l e  and mler-Lagrange d i f f e r -  

e n t i a l  equat ions.  

Some i n t e r e s t i n g  r e l a t i o n s  of t h i s  type a r e  e a s i l y  

obtained however. Each of t h e  elements of t he  mat r ix  

i s  composed of a sum of a second p a r t i a l  

d e r i v a t i v e  of G and a second term. The matr ix  can theye- 

f o r e  be expressed as t h e  sum of -f;wo mat r ices ,  

(2 .3 .10)  

where t h e  matrix A i s  determined from equatlons (2 .3 .6)  - 

(2 .3 .9 ) .  

both J and G must be symmetric about t h e i r  major diago- 

n a l s .  The obvious conclusion i s  tha t  matrix A must a l s o  

x- 
Since J and G a r e  of c l a s s  C2 by hypothesis,  

* 

be symmetric. By equat ing symmetric elements of A, t h e  

fol lowing i d e n t i t i e s  can be e s t ab l i shed :  

"io 
dyjo 

(2.3.11) 



In addition, the following relations can be established 

by considering the functional relationships exhibited in 

section 2.1. 

(2.3.15) 

(2.3.16) 

Similar equations exist for the initial point. 

Unfortunately, a sufficient number of these rela,- 

tionships have not been found to determine the elements 

of A in terms of known functions in the problem statement. 

The determination of further relationships and the ulti- 

rmination of the elements of A without r 

analytical int ration of the state variable and Euler- 

Lagrange equations poses an interesting problem for future 

i 



46 2 . 4  Rela t ions  t o  C l a s s i c a l  Theory 
-__I_ 

Bolza (1961, pp. 102-103)  g ives  an exce l l en t  

summary of t h e  var ious c l a s s i c a l  approaches t o  t h e  devel- 

opment of  necessary and s u f f i c i e n t  condi t ions  €or v a r i -  

ab l e  endpoint problems. The c l a s s i c a l  problem i n  t h e  

ca l cu lus  of v a r i a t i o n s  i s  to minimize t h e  i n t e g r a l  of a 

func t ion  F = F(x ,y ,y ' )  unconstrained by d i f f e r e n t i a l  

equat ions of c o n s t r a i n t .  Here x i s  t h e  independent v a r i -  

ab l e ,  y i s  t h e  independent v a r i a b l e ,  and y '  r ep resen t s  

dy/dx. The f i r s t  and second order  v a r i a t i o n  of t h e  

i n t e g r a l  a r e  w r i t t e n  as  6J and 6 J ,  r e spec t ive ly ,  while 

6y and 6x represent  v a r i a t i o n s  i n  t h e  dependent and. jnd-e- 

2 

pendent v a r i a b l e s .  

Because of t h e  per t inence  of Bolza!s remarks to 

t h i s  p re sen ta t ion ,  h i s  h i s t o r i c a l  synopsis i s  quoted i n  

d e t a i l :  

Three e s s e n t i a l l y  d i f f e r e n t  methods have been 
proposed f o r  t h e  d iscuss ion  of problems with v a r i -  
ab le  end-points:  

proper:  It c o n s i s t s  i n  computing 6J and 625 
e i t h e r  b y  means of Tay lo r ' s  formula or by t h e  
method of  d i f f e r e n t i a t i o n  w i t h  r e spec t  t o  E ,  . . . 
and d i scuss ing  the condi t ions  6 J  = 0 ,  6 2 J  - > 0 .  
The method was f i r s t  used b y  LAGRANGE . . .[(1867, 
pp. 338, 3 4 5 ) J .  H e  g ives  t h e  genera l  expression for 
6 J  when t h e  endpoints are  v a r i a b l e ,  v i z . :  

1. The method of t h e  Calculus of Var ia t ions  



and der ives  t h e  condi t ions a r i s i n g  from 6 J  = 0.  
The second v a r i a t i o n  f o r  t h e  case  of v a r i -  

a b l e  end-points w a s  f i r s t  developed by Erdrnann 
. . . f(1878, p .  364)l .  He f i n d s  

2 3- [ F 6 2 ~  C F 6 y 4- 2F , 6 ~ 6 y  4- 2F , 6 ~ 6 y '  Y '  Y Y 

where u i s  an  i n t e g r a l  of J a c o b i ' s  d i f f e r e n t i a l  
equat ion  . . . [ @ o l z a ,  1961, p .  4-9) 1 .  BY con- 
s i d e r i n g  such s p e c i a l  v a r i a t i o n s  f o r  which 6y = 
Cu, he makes t h e  i n t e g r a l  vanish and thus  
reduces t h e  ques t ion  t o  t h e  d i scuss ion  of t h e  
s i g n  of the  remaining func t ion  of t h e  v a r i a t i o n s  
6xi, 6y . ,  6 xi, 6 yi. These v a r i a t i o n s  a r e  con- 
nected hy r e l a t i o n s  which depend upon t h e  spe- 
c i a l  na tu re  of t h e  i n i t i a l  condi t ions  . . . . 

2 2 

For t h e  gene ra l  i n t e g r a l  

where yl,Y , . . . , y n  a s e  connected by a number of  
f i n i t e  o r  g i f f e r e n t i a l  r e l a t i o n s ,  t h e  second 
v a r i a t i o n  Ln t h e  case of v a r i a b l e  endpoints w a s  
s tud ied  by A. Mayer . . 
t h e  i n t e g r a l  i n  parameter-representat ion 

. [ (1896, p .  436)I ; f o r  



(2.4.4) 

by B l i s s  . . . f(lgO2, p. l32)]. 
2.  The method of D i f f e r e n t i a l  Calculus:  

T h i s  method i s  explained i n  a genera l  way by 
Dienger . . . [(1867)]. It decomposes t h e  prob- 
lem i n t o  two problems by f i r s t  consider ing 
v a r i a t i o n s  which leave the end-points f ixed ,  
and then  v a r i a t i o n s  which vary t h e  end-points,  
t h e  neighboring curves considered being them- 
se lves  extremals.  The second p a r t  of t h e  prob- 
lem reduces t o  a problem of t h e  theory  of 
ordinary maxima and m i n . i m a .  T h i s  method has 
been used. by A .  Mayer i n  an e a r l i e r  paper on 
t h e  second v a r i a t i o n  i n  t h e  case of v a r i a b l e  
end-points f o r  t h e  genera l  type of i n t e g r a l s  
mentioned. above . . . [(Mayer, 1884, p.  9 9 ) I . I t  
i s  supe r io r  to t h e  f i r s t  method not only on '  
account of i t s  g r e a t e r  s i m p l i c i t y  and i t s  more 
elementary cha rac t e r ,  but  beca,u.se--by u t i l i z i n g  
t h e  well-known s u f f i c i e n t  condi t ions f o r  o rd i -  
nary maxima and minima--it l eads ,  i n  a c e r t a i n  
sense,  to s u f f i c i e n t  condi t ions i f  combined 
w i t h  Weierstrass Is suf € i c i e n t  condi t ions  €or 
t h e  case of f i x e d  end-points . . . . 

3. Kneser 's  method: T h i s  method, which 
has been developed by Kneser . . . [(1900)}, i s  
based upon an  ex tens ion  of c e r t a i n  well-known 
theorems on geodesics.  It leads i n  t h e  s implest  
way to s u f f i c i e n t  condi t ions ,  but  must be sup- 
plemented by one of t h e  t w o  preceding methods 
for a n  exhaustive t reatment  of t h e  necessary 
condi t ions . . . . 

Later  i n v e s t i g a t o r s  of v a r i a b l e  endpoint prob- 

lems, e . g . ,  (Householder, 1937), ( B l i s s ,  1946), and 

(Hestenes, 1966) have followed the f i r s t  method quoted 

from Bolza, t h e  method of t he  Calculus of Variat ions 

proper.  To t h e  b e s t  knowledge of t h e  author ,  there 

have been no f u r t h e r  developments or expos& us ing  

f l  

I f  

t he  method of D i f f e r e n t i a l  Calculus" s i n c e  t ha t  of I1 

B o l z a  (1904). 
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The method developed i n  t h i s  p r e s e n t a t i o n  i s  

e s s e n t i a l l y  t h e  second method, " t h e  method of D i f f e ren -  

t ia l .  Ca lcu lus  , " quoted above from Bolza . P a t  i c u l a r  

a t t e n t i o n  should  be p a i d  to h i s  remarks concern ing  t h i s  

method. These remarks a r e  c o n s i s t e n t  w i t h  fundamental  

p r o p o s i t i o n s  o f  t h e  l a s t  t h r e e  s e c t i o n s ,  namely: 

A comprehensive s u f f i c i e n c y  c o n d i t i o n  f o r  
v a r i a t i o n a l  problems w i t h  v a r i a b l e  endpo in t s  
i s  ob ta ined  b y  app ly ing  two independent  t e s t s ,  
T e s t  A and Test B below, each  of  which i s  
a p p l i e d  s e p a r a t e l y .  

ency c o n d i t i o n  g iven  t h a t  t h e  t r a j e c t o r y  
s a t i s f i e s  necessa ry  p a t h  c o n d i t i o n s .  

c o n d i t i o n s  f o r  t h e  endpoln t  f i x e d . .  

T e s t  A .  S a t i s f a c t i o n  o f  t h e  end-point s u f f i c i -  

T e s t  B.  S a t i s f a c t i o n  of t h e  p a t h  s u f f i c i e n c y  

I n  a d d i t i o n ,  B o l z a ' s  remarks i n d i c a t e  t h a t  

For a s o l u t i o n  to be o p t i m a l ,  i t  i s  necessa ry  
and s u f f i c i e n t  t h a t  i t s  e n d p o i n t s  s a t i s f y  t h e  
endpoin t  s u f f i c i e n c y  c o n d i t i o n  ( T e s t  A above)  
and t h a t  i t s  p a t h  s a t i s f y  t h e  f o u r t h  necessary  
c o n d i t i o n  w i t h  i t s  endpo in t s  cons ide red  f i x e d  
( T e s t  B above ) .  

Although t h i s  p r e s e n t a t i o n  has n o t  under taken  a r i g o r o u s  

proof  os  t h i s  h y p o t h e s i s ,  t h e  examples and a n a l y s i s  have 

g iven  every  i n d i c a t i o n  t h a t  t h e  hypo thes i s  i s  v a l i d .  

2 . 5  Geodet ic  E x a m p l e  

A s  a n  example o f  t h e  a p p l i c a t i o n  o f  the s u f f i -  

c i e n c y  c o n d i t i o n  f o r  e n d p o i n t s ,  c o n s i d e r  t h e  problem of 

de te rmining  t h e  minimum d i s t a n c e  from t h e  o r i g i n  to any 

p o i n t  on a pa rabo la  of  t h e  form 



S 
0 

sub jec t  to t h e  s t a t e  v a r i a b l e  d i f f e r e n t i a l  c o n s t r a i n t s ,  

cos g, (2.5.3) dx - 
dS 
- -  

I __  dY - s i n  g, (2.5.4) ds 

and endpoint c o n s t r a i n t s ,  

Yo = 0, 

x = 0, 

s = 0, 

0 

0 

2 yf-Xf -b 0 .  

(2.5.5) 

(2.5 * 6) 

(2.5.7) 

(2.5.8) 

The angle  g i s  t h e  angle  between t h e  p o s i t i v e  x a x i s  and 

a tangent  to t h e  curve.  Here x and y a r e  t h e  s t a t e  v a r i -  

a b l e s ,  g i s  t h e  c o n t r o l  v a r i a b l e ,  and s i s  t h e  independent 

v a r i a b l e  analogous t o  t i n  t h e  formula t ion  of e a r l i e r  

s e c t i o n s .  

. The H and G 

func t ions  a r e  



The ad jo in t -va r i ab le  Euler-Lagrange equat ions a r e  

= o  
l Y  

51 

(2.5.10)  

(2 .5 .11)  

= o  (2.5.12) 

and t h e  cont ro l -var iab le  Euler-Lagrange equat ion i s  

-A s i n  Q -I- X cos g = 0, (2.5.13) 
X Y 

Equa-Lions (2.5.11) and (2.5.1-2) imply t h a t  X, and X y  a r e  

cons tan ts .  Solving equat ion (2.5.13) for t h e  con t ro l  
x 

t a n  g = Y- = cons tan t  . (2.5.14) 

which implies  

s i n  g = - XY (2.5.15) 

cos g = (2.5.16) 

The p o s i t i v e  s i g n  on the  r a d i c a l  i s  a consequence of t h e  

Legendre-Clebsh necessary condi t ion  (1 .2 .17 ) .  

2 .5 .2  Funct ional  Relat ions.  In t eg ra t ing  t h e  

s t a t e  va r i ab le  equat ions (2.5.3) and ( 2 . 5 . 4 )  with t h e  o p t i -  

mal cons tac t  c o n t r o l  g between t h e  genera l  i n i t i a l  po in t  

( x o y y o y s o )  and genera l  fins-1 poin t  (x , y  y s  ) r e s u l t s  i n  f f f  
x - xo = (Sf - so) cos g f 

= (sf - so) s i n  g Yf - yo 

(2 .5.17)  

(2.5.18) 
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Solving f o r  t h e  c o n t r o l  

Yf - Yo 
Xf - xo 

t a n  g = (2  5 * 19) 

Squaring both s i d e s  of equations (2.5.1'7) and (2.5.18)  

and adding y i e l d s  t h e  i d e n t i t y  

(2 .5 .20)  

Solving equations (2.5.17)  and (2.5.18)  for t h e  con t ro l s  

gives  
x - xo 
s - so I 

f 

f 
cos g = 

and 
Yf - yo 
Sf - so 

s i n  g = 

(2 .5.21)  

(2 .5 .22)  

Since t h e  c o n t r o l  i s  cons tan t ,  t h e  c o n t r o l  i s  not  a func- 

t i o n  of t h e  independent v a r i a b l e  i n  t h i s  case .  For other  

problems t h e  c o n t r o l  may be a func t ion  of  t h e  independent 

v a r i a b l e  as w e l l  as t h e  endpoints.  

I n t e g r a t i n g  t h e  s t a t e  v a r i a b l e  equations aga in  

between t h e  gene ra l  i n i t i a l  po in t  (xojyo9so) and genera l  

in te rmedia te  po in t  (x,y,s) and s u b s t i t u t i n g  t h e  optimal 

c o n t r o l  from equat ions (2.5.21)  and (2.5.22) ,  and 

rear ranging  y i e l d s  

( 2  5 23) 

(2 .5.24)  
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It i s  seen f rom t h e  above equations t h a t  t h e  s t a t e  v a r i -  

ab l e s  a r e  c l e a r l y  funct ions of coordinates  of t h e  i n i t i a l  

and f i n a l  s t a t e  Variables  and of t h e  i n i t i a l  and f i n a l  

values  of  t h e  d-ependent v a r i a b l e .  

The f i r s t  i n t e g r a l  of th.e Euler-Lagrange equa- 

t i o n s  i s  

X x  cos g -1- h s i n  g - 1 = 0 (2 .5.25)  Y 

Solving t h i s  equat ion wi th  equat ion (2.5.13) f o r  A x  and 

X and observing equations (2.5.21)  and (2.5.22) gives  
Y 

- f 0 Xf - xo (2.5.26)  
x - x  _- = - 
s - so 

2 2 f 
( X f - X o )  + (Yf-Yo) 

(2  5.27) 

Two forms a r e  given above f o r  t h e  Lagrange m u l t i p l i e r s  

as func t ions  of endpoints;  e i t h e r  i s  c o r r e c t .  If t h e  

second s e t  i s  used, t h e  J func t ion  w i l l  be independent 

of sf and s o .  

Lagrange m u l t i p l i e r s  can be w r i t t e n  as e x p l i c i t  func t ions  

of t h e  coordinates  of t h e  i n i t i a l  and f i n a l  s ta , tes  and of 

t h e  i n i t i a l  and f i n a l  values of the dependent v a r i a b l e s .  

Equations (2.5.19) ,  (2.5.23), (2.5.24), (2 .5 .26) ,  and 

(2.5.27)  bear  out t h e  f u n c t i o n a l  dependencies hypothesized 

f o r  con t ro l ,  s t a t e ,  and a d j o i n t  v a r i a b l e s  i n  s e c t i o n  2.1.  

* 

In e i t h e r  case i t  i s  clear that  t h e  
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Note that  i n  der iv ing  these  equat ions,  only pa th  neces- 

s a ry  condi t ions have been used. The t r a n s v e r s a l i t y  

necessary condi t ions f o r  endpoints have not been-used.  

2 .5  a 3 Necessary End-point Conditions.  The t r a n s -  

v e r s a l i t y  condi t ions ,  ( 2 . 2 . 6 ) ,  ( 2 . 2 . 7 ) ,  (2 .1 .12) ,  and 

(2.2.13)  y i e l d  t h e  fol lowing equations 

a J-' - = o  (2 .5 .28)  "yo = IJ-2 Xyo 

- Ax, = 0 = p 3  ( 2  5.29) 

( 2  5 9 30) 

( 2 . 5  31) 

(2  05.32) 

(2.5.33) 

a J* 

aJ-' - - p 4 + H o = 0  as 
0 

a J' 
$ = v-11 + Xyf = o  
aJ" - 2 1-h x f -4- Axf = 0 

q= 
- - 

- lyf s i n  gf + 1 = 0 - XXf cos g f 
aJ* 

Since t h e  i n i t i a l  po in t  i s  f i x e d ,  t h e  i n i t i a l  po in t  t r a n s -  

v e r s a l i t y  equations g-yve no u s e f u l  information.  

To f i n d  t h e  optimal endpoints,  e l imina te  p1 

between equations (2.5.31)  and (2 .5 .32 ) ,  y i e l d i n g  

hXf+2XYfXf =I 0 ( 2 .5 .3Lr. ) 

S u b s t i t u t i n g  Axf and X 

(2 .5.27)  i n t o  equat ion (2.5.34) y i e l d s  

from equations (2.5.26) and 
Yf 
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(2.5.35) 
Fina l ly ,  mult iplying through by t h e  r a d i c a l  and imposing 

endpoint c o n s t r a i n t s  (2.5.5) and (2.5.6) gives 

X f ( l  3- 2 y f )  = 0 (2.5 36) 

The necessary condi t ions a r e  s a t i s f i e d  i f  e i t h e r  t e r m  i n  

t h e  above equation i s  equal  to zero.  Solving equat ion 

(2.5.36) and equat ion (2.5.8) simultaneously gives  t h e  

two so lu t ions  

yf = - -z 1 ( s o l u t i o n  A) x -  f -  

and ) (2.5.37) 
x = o  f 

These endpoints and t h e  corresponding mul t ip l e  
1 so lu t ions  for b < - 2 are shown i n  Figure 1.3 on page 14. 

From the  symmetry of t h e  parabola ,  it i s  expected that  

e i t h e r  t h e  plus  or t h e  minus s i g n  i n  equat ion (2.5.37) 
w i l l  determine a s o l u t i o n  g iv ing  t h e  same value of d i s -  

t ance .  For t h i s  reason a d i s t i n c t i o n  has not been made 

between the  two. The necessary condi t ions  used s o  f a r  

have provided no means f o r  determining under w h a t  c i r -  

cumstances s o l u t i o n  A ( o r  s o l u t i o n  B) i s  t h e  optimum. 

I n  t h i s  case of m u l t i p l e s t a t i o n a r y  s o l u t i o n s , t h e  endpoint 



su f f i c i ency  condi t ion  w i l l  provide a means f o r  de t e r -  

mining t h e  t r u e  optimum. 

Before examining t h e  s.uff i c iency  condi t ions,  t h e  

parameter p.,- w i l l  be evaluated i n  terms of t he  genera l  

endpoints f o r  f u t u r e  re ference .  From equations (2 .5 .27)  

and (2.5.31) it i s  observed t h a t  

(2.5 -38) 

2.5.4 Suff ic iency  __ Endpoint Condition. To evalu- 

a t e  t h e  endpoint su f f i c i ency  condi t ions,  it i s  i n s t r u c -  

t i v e  t o  f i r s t  determine t h e  p and r;2 matr ices  of equa.bions 

(2.3.3) and (2 .3 .4) .  The c o n s t r a i n t s  a r e  

$1: YO = o  (2.5.39) 

$2:  0 
x = o  (2.5.40)  

$3: s 0 = o  (2.5.41) 

- b = O  (2.5.42)  $4: 2 
Y f  - “f 

Since t h e r e  a r e  four equations and s i x  endpoints,  t h e r e  

a r e  two degrees of freedom. For conveniency l e t  x and f 

f s be t h e  independent v a r i a b l e s  and yo ,xo ,soJ  and y 

be the  dependent v a r i a b l e s .  Then i n  the  no ta t ion  of 

s e c t i o n  2.3 

f 



YO 
xO 

Yf 

,, r r= - S 
0 

- - [:I 

YO 
0 

0 

X 

S 

Yf 
f 
f 

X 

S 

0 0 
0 0 
0 0 

0 -2xf 

9 & =  

57 

X 

S 
0 

0 

y f f  -x 2-b 

(2.5.4-3) 

Evaluat ing the  matr ix  of p a r t i a l  de r iva t ives  of & w i t h  

respec t  t o  the  independent va r i ab le s  g ives  

(2 .5 .44)  

Evaluat ing the  mat r ix  of p a r t i a l  de r iva t ives  of - 13 with 

respec t  t o  t h e  dependent va r i ab le s  gives  j u s t  t h e  iden- 

t i t y  mat r ix  

1 0 0 0  
0 1 0 0  
0 0 1 0  
0 0 0 11 

(2.5.45) 

The inverse  of t h i s  matrix i s  obviou-sly the  i d e n t i t y  

matrix.  From equat ions (2.5.1-&) and (2-5.45) t h e  P 

matrix can be computed 



0 0 
0 0 
0 0 

0 2xf 

- - [-r-] R =  

58 

( 2  .5 .46) 

0 0 
0 0 
0 0 

0 
1 0 
0 1 

2xf 

The R matrix i s  fornied by ad jo in ing  t o  $ an  i d e n t i t y  

matr ix  with t h e  dimensions equal  to t h e  number of inde- 

pendent v a r i a b l e s .  I n  this case t h e r e  a r e  two indepen- 

dent  v a r i a b l e s .  The R matrix i s  

With t h e  

. (2.5.47) 

not  y e t  evaluated,  the endpoint s u f f i -  
- -  

eiency condi t ion  reduces t o  t h e  condi t ion  t h a t  

a2J* 
dxf 

dsf 

(2.5.48) 
must be p o s i t i v e  d e f i n i t e .  
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If J-% can be wyi t ten  so  t h a t  i t  i s  not a func t ion  

of s f ,  t h e  su f f i c i ency  cond i t ion  w i l l  be reduced to a 

simple i n e q u a l i t y  involving dxf only.  

v e r s a l i t y  equations (2.5.31)  - (2.5.33) and t h e  func- 

t i o n a l  r e l a t i o n s  f o r  A x  and x 
(2 .5 .27 ) ,  it i s  seen  t h a t  t h i s  can be done. 

From t h e  t r a n s -  

.. 
equat ions (2.5.26) and 

Y )  

Therefore,  t h e  s u f f i c i e n c y  cond i t ion  reduces t o  

t h e  condi t ion  that  

Since dxf2 i s  always p o s i t i v e ,  t he  expression i n  paren- 

t h e s i s  must be p o s i t i v e  i n  order  t o  s a t i s f y  t h e  s u f f i -  

c iency condi t ion :  

(2.5 50) 

T h i s  r e s u l t  i s  i d e n t i c a l  to t h e  r e s u l t  t h a t  would 

have been obtained if t h e  f i x e d  endpoint coord ina tes ,  yo, 

x 

s i t u a t i o n  i s  s i m i l a r  to t h e  t r a n s v e r s a l i t y  necessary con- 

d i t i o n s  i n  t h a t  t h e  i n i t i a l  po in t s  y i e l d  no information.  

and so had been excluded from t h e  G func t ion .  T h i s  
0' 

From thLs example and previous experience w i t h  endpoint 

condi t ions ,  t h e  fol lowing conclusrion i s  drawn: No u s e f u l  

information concerning e i t h e r  necessary or s u f f i c i e n t  

condi t ions  r e s u l t s  f rom inc luding  i n  G c o n s t r a i n t s  which 

merely f i x  a given endpoint coord lna te .  
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Subs t i t u t ing  the func t iona l  forms f o r  Axf and 

not  involving s f rom equations (2.5.26) and (2.5.27) f 
-E 

I Y f  
i n t o  t h e  f i r s t  pa r t i a l  derivatives of J w i t h  r e spec t  t o  

yf and x i n  equations (2.5.31) and (2.5.32) gives  f 

Forming the  required p a r t i a l  derivatives resul ts .  i n  

I I  

where 

( 2  0 5 * 54) 

(2.5.55) 

(295.56) 

( 2  5.57) 

Comparing equations (2.5.54) and (2.5.56) v e r i f i e s  the  

symmetry of t h e  [ matrix 
- -  
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Evaluating t h e s e  de r iva t ives  us ing  i n i t i a l  po in t  

c o n s t r a i n t  equations (2 .5 .5 )  and (2.5.6) and p1 from 

equat ion (2.5.38) and s u b s t i t u t i n g  them i n t o  t h e  endpoint 

s u f f i c i e n c y  condi t ion ,  equa-tion (2.5.50) gives 

For s o l u t i o n  B (xf = 0,  yf = b )  t h i s  cond i t ion  redxces to 

( 2  * 5 0 59) 1 - 4 - 2  > 0 b 

From t h e  geometry i n  Figure 1.3, it can be seen t h a t  

b i s  negat ive . I  The-,condition t h e r e f o r e  r equ i r e s  t h a t  

( 2 e 5 + 60) 1 O > b > - 2  

Then s o l u t i o n  B as. shown i n  Figure 1 .3  i s  optimum. 
1 For s o l u t i o n  A (xf = -1- d T  , yf - - - F ) ,  

t h e  end s u f f i c i e n c y  cond i t ion  (2.5.58) becomes 

2 1 4b -F 2b -I- 4 

1 > o  - 
7 / - i - b  

(2.5.61) 
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Combining terms y i e l d s  

2 1 4b -1- 3b -E 
> 0. 1 3/2 ( -  q - b) 

(2 .5 .62)  

I n  order  for t h e  denominator t o  be r e a l  

( 2  * 5 63) 1 
4 .  b < -  

Und-er t h i s  condi t ion  i n e q u a l i t y  (2 .5 .62)  i s  s a t i s f i e d  

only i f  

1 b < - -  2 .  (2.5.64) 

Therefore s o l u t i o n  A shown i n  F,gure 1 . 3  ,s optimum f o r  

b l e s s  t h a n  - - The optimal s o l u t i o n  i s  summarized below. 2 '  

( 2  5 0 65) 1 O > b > - -  Yf = b 2 Xf = 0, 

1 b < - -  (2 .5 .66)  2 2 

T h i s  simple example has been analyzed i n  g r e a t  

de t a i l  t o  emphasize t h e  concepts developed i n  e a r l i e r  

s e c t i o n s  and t o  r e i n f o r c e  and i l l u s t r a t e  t h e  n o t a t i o n .  

A more complex example of t h e  endpoint s u f f i c i e n c y  condi- 

t i o n  i s  presented i n  Chapter 5. 
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2 . 6  A Numerical Algorithm 

I n  order  t o  apply t h e  endpoint su f f i c i ency  condi- 

t i o n ,  t h e  matrix of second p a r t i a l  de r iva t ives  of J wi th  

respec t  to i t s  arguments must be determined. From equa- 

t i o n s  (2 .3 .6 )  - (2 .3 .9)  i t  is seen t h a t  each of t hese  

second. p a r t i a l  d e r i v a t i v e s  i s  composed of -two terms. The 

f i r s t  term, i n  a l l  cases ,  i s  a second p a r t i a l  d e r i v a t i v e  

of t h e  func t ion  G. T h i s  de r iva t ive  can be computed 

a n a l y t i c a l l y  from information given i n  t h e  statement of 

t h e  problem. The second term of each second p a r t i a l  

de r iva t ive  of J can be w r i t t e n  i n  one of t h e  fol lowing 

3- 

* 

f orms : 

o r  

aM I t'tf 
d r i o  

9 

t=to 
> 

i f  a r  

a M I  t"tf 
> 

d r i o  
> 

(2 .6 .1 )  

(2 .6 .2)  

(2 .6 .3)  

(2 .6 .4)  

where M r ep resen t s  any of t h e  q u a n t i t i e s  H, hl, X 2 ,  . . . 
A n  and 
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r r ep resen t s  any of the s t a t e  v a r i a b l e s  yi or t h e  

independent v a r i a b l e  t . 
These d-er ivat ives  cannot be evaluated a n a l y t i c a l l y  with- 

out ob ta in ing  a n  a n a l y t i c  s o l u t i o n  to t h e  s e t  of s t a t e  

v a r i a b l e  and Euler-Lagrange d i f f e r e n t i a l  equations For 

most problems of p r a c t i c a l  i n t e r e s t  i n  t h e  ca l cu lus  of 

v a r i a t i o n s ,  the  s e t  of nonl inear  s t a t e  v a r i a b l e  and 

Euler-Lagrange d i f f e r e n t i a l  equations cannot be i n t e -  

gra ted  a n a l y t i c a l l y .  Tlieref ore ,  t h e  implementation of 

t h e  endpoint su f f i c i ency  condi t ion  i n  most cases  r equ i r e s  

t h e  numerical  computation of p a r t i a l  deriva-Lives of t h e  

forms expressed i n  equat ions (2 .6 .1)  - (2 .6 .4 ) .  

Fortunately,  t h i s  i s  not  conceptual ly  d i € f  i c u l t  

f o r  most problems i n  engineer ing which have separated 

end c o n s t r a i n t s .  End c o n s t r a i n t s  a r e  separated i f  none 

of t h e  endpoint c o n s t r a i n t s  involves both i n i t i a l  values  

and f i n a l  values;  t h e  c o n s t r a i n t s  always r e l a t e  i n i t i a l  

values  to o t h e r  i n i t i a l  va lues ,  o r  f i n a l  values  to o the r  

f i n a l  va lues .  

The func t ion  M evaluated a t  t = to w i l l  be ind i -  

ca ted  by a subsc r ip t  0: 

The func t ion  M evaluated a t  t = tf w i l l  be ind ica ted  by 

a subsc r ip t  f :  



Before t h e  s u f f i c i e n c y  condi t ion  t e s t  i s  appl ied ,  

t h e  problem i s  f i r s t  solved us ing  t h e  necessary condi- 
K- -E x- -E 

t i o n s  y i e l d i n g  nominal endpoints yio, yify toy and tf 
-E x- 

and nominal Lagrange m u l t i p l i e r s  Xio  and X i f .  

i t y ,  l e t  r 

. . . ynoy to) 

For brev- 
x x * 

represent  a vec to r  w i t h  elements (ylo, y20, 
-0 

K- -E K- 
and xf represent  a vec to r  w i t h  elements 

3 -E x- ++ x- 
* .  . , ynf9  t f )  , and M be a func t ion  evaluated y l f y  Y2f , 

w i t h  t h e  nominal endpoints .  

Numerically the d e r i v a t i v e  (2 .6 .1)  can be approx- 

imated as 

where A i s  a s m a l l  change i n  t h e  nominal i n i t i a l  v a r i -  

a b l e  rio. 

t i o n s  a r e  then  numerically i n t e g r a t e d  forward w i t h  t h e  

* 
If t h e  s t a t e  v a r i a b l e  and Euler-Lagrange equa- 

nominal Lagrange m u l t i p l i e r s ,  t h e  f i n a l  nominal- endpoint 

w i l l  not be reached. The n i n i t i a l  Lagrange m u l t i p l i e r s  

must be ad jus ted  i n  order  to o b t a i n  t h e  f i n a l  nominal 

endpoint again.  Since t h e  n i n i t i a l  Lagrange mul t i -  

p l i e r s  g ive  only n degrees of frFedom, t h e  nominal end- 

poin t  can be reached only i f  M i s  a f u n c t i o n  of n or 

l e s s  t h a n  n - independent f i n a l  va lues .  T h i s  w i l l  be t r u e  
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i f  t h e r e  i s  a t  l e a s t  one equat ion of c o n s t r a i n t  involving 

t h e  f i n a l  va lues .  With these  new m u l t i p l i e r s ,  t h e  d i f f e r -  

e n t i a l  equations a r e  i n t e g r a t e d  forward t o  t h e  f i n a l  po in t  

r -f e 

m u l t i p l i e r s  and xf. With Mf evaluated,  t h e  des i r ed  par-  

t i a l  d e r i v a t i v e  can be evaluated using equat ion ( 2 . 6 . 7 ) .  

x- 
Mf i s  then  evaluated from t h e  r e s u l t i n g  f i n a l  Lagrange 

%- 

The d e r i v a t i v e  (2 .6 .2)  can be approximated 

numerically as 

n 
(2 .6.8)  

I n  t h e  above equat ion,  Mo i s  evaluated by making a small 
x- 

change i n  rif, while leav ing  all t h e  o the r  va,l.u.es 

unchanged. A s e t  of f i n a l  Lagrange multip1.iers i s  then  

determined s o  t ha t  a backward numerical i n t e g r a t i o n  i n  

time w i l l  y i e l d  t h e  nominal i n i t i a l  values  &. 
quan t i ty  Mo i s  evaluated us ing  t h e  r e s u l t i n g  i n i t i a l  

Lagrange m u l t i p l i e r s  and K ~ .  
manner, t h e  des i r ed  p a r t i a l  d e r i v a t i v e  can be evaluated 

us ing  equat ion ( 2 . 6 . 8 ) .  

* 
The 

* 
With M, computed i n  t h i s  

The d e r i v a t i v e  (2 .7 .3 )  can be approximated numer- 

i c a l l y  as 

Here, Mf i s  evaluated by making a s m a l l  change i n  t h e  
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-X- 

while leav ing  a l l  of i f ’  nominal f i n a l  po in t  coord ina te  r 

t h e  o the r  f i n a l  coord ina tes  and  t h e  i n i t i a l  po in t  

unchanged. A s e t  of i n i t i a l  Lagrange m u l t i p l i e r s  i s  then  

3- 

determined s o  tha t  a forward i n t e g r a t i o n  from t h e  nominal 

i n i t i a l  po in t  w i l l  y i e l d  t h e  varied. f i n a l  po in t  (rlf 

r 

performed to t h e  va r i ed  f i n a l  p o i n t ,  and Mf i s  evaluated 

us ing  t h e  r e s u l t i n g  f i n a l  Lagrange m u l t i p l i e r s  and t h e  

coordinates  of t h e  va r i ed  f i n a l  p o i n t .  

x- 

* * . .  ., rif f A, . . . ) . The forward i n t e g r a t i o n  i s  then  2f’  

The f i n a l  d e r i v a t i v e  (2 .6 .4)  can be approximated 

numerically as 

Here, Mo i s  evaluated by making a s m a l l  change i n  t h e  

nominal i n i t i a l  po in t  rio, while leav ing  a l l  of t h e  o ther  

i n i t i a l  coordinates  and t h e  f i n a l  po in t  L~ unchanged. 

s e t  of f i n a l  Lagrange m u l t i p l i e r s  i s  then  determined so  

tha t  a backward i n t e g r a t i o n  i n  -time f rom t h e  nominal f i n a l  

* 
* 

A 

* * 
p o i n t  w i l l  y i e l d  t h e  va r i ed  i n i t i a l  p o i n t  (rlo, rz0, . . . )  

.3c 
r f- A, . . . . ) .  The backward i n t e g r a t i o n  i s  then  performed 

t o  t h e  va r i ed  i n i t i a l  p o i n t ,  and Mo i s  evaluated using 

t h e  r e s u l t i n g  i n i t i a l  Lagrange mcd t ip l i e r s  and t h e  coordi-  

na t e s  of t h e  va r i ed  i n i t i a l  p o i n t .  

i o  

Using t h e  above techniques,  t h e  matr ix  of second 
-E 

p a r t i a l  d e r i v a t i v e s  of  J with r e spec t  to its arguments 
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can be evaluated.  Because of t h e  i d e n t i t i e s  (2.3.11) - 

(2 .3.14) ,  t h e r e  i s  some choice as t o  which of t h e  above 

d e r i v a t i v e s  i s  used t o  eva lua te  -he s u f f i c i e n c y  condi- 

t i o n .  It i s  a simple mat te r  t o  numerically eva lua te  t h e  

mat r ix  Q f rom t h e  nominal i n i t i a l  and f i n a l  po in t s  and. 

t o  t e s t  t h e  mat r ix  52 T .= d2J-E Q f o r  p o s i t i v e - d e f i n i t n e s s .  
- -  

The d e t a i l s  of programs w r i t t e n  t o  perform these  opera- 

t i o n s  a r e  l e f t  f o r  d i scuss ion  i n  Chapter 3.  

Se lec t ing  t h e  c o r r e c t  i n i t i a l  Lagrange mul t i -  
/ 

p l i e r s  s o  t ha t  t h e  des i red  f i n a l  po in t s  a r e  reached as a 

r e s u l t  of i n t e g r a t i o n  i s  termed a problem w i t h  mixed end 

condi t ions ,  or a two-point boundary value problem. The 

numerical  implementation of t h e  su f f i c i ency  condi t ion  

depends s t rong ly  upon t h e  ex is tence  of numerical  tech-  

niques f o r  so lv ing  two po in t  boundary va lue  problems. 

These techniques a r e  explained i n  d e t a i l  i n  t h e  next 

chapter .  



CHAPTER 3 

NUMERICAL SOLUTIO.8 OF TWO-POIflT BOUNDARY VALUE PROBLD'I 

Whether one a t t a c k s  optimal c o n t r o l  problems from 

t h e  poin t  of view of t h e  c l a s s i c a l  ca l cu lus  of  v a r i a t i o n s  

or by a p p l i c a t i o n  of t h e  Maximum Pr inc ip l e ,  one inva r i ab ly  

must solve a s e t  of ordinary d i f f e r e n t i a l  equat ions sub- 

j e c t  to both t n i t i a l  and f i n a l  boundary condi t ions .  Such 

problems a r e  r e fe r sed  to as two-point boundary value 

problems. The theory  of ordinary d i f f e r e n t i a l  equat ions 

sub jec t  t o  i n i t i a l  condi t ions has been w e l l  developed, 

both a n a l y t i c a l l y  and computationally,  f o r  some time. 

However, t h e  theory of two-point boundary value problems 

has been slower to develop, e s p e c i a l l y  from a computa- 

t i o n a l  po in t  of view. I n  t h e  p a s t  decade, however, s i g n i f i -  

can t  advances have been made i n  t h e  a p p l i c a t i o n  of l a r g e  

s c a l e  d i g i t a l  computers t o  the s o l u t i o n  o€ two-point 

boundary value problems. The primary motivat ion f o r  t h e s e  

advances has come from t h e  s tudy of opt imal  c o n t r o l  

theory (Handelsman, 1966; M c G i l l  and Kenneth, 1964). 

T h i s  chapter  d i scusses  t h e  use of a numerical  

technique for so lv ing  two-point boundary value problems 
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c a l l e d  t h e  genera l ized  Newton-Raphson method. Sec t ion  

3 . 1  b r i e f l y  descr ibes  t h e  r e l a t i o n s h i p  of t h i s  method to 

o the r  numerical  a lgori thms c u r r e n t l y  a v a i l a b l e .  The 

method i s  explained i n  s e c t i o n  3 .2  and a b r i e f  d i scuss ion  

of t h e  a c t u a l  computational procedure i s  given i n  s e c t i o n  

3 .3 .  

3 .1  Numerical Methods Available 

Currently,  t h e r e  a r e  many numerical  algorithms 

f o r  so lv ing  two-point boundary va lue  problems; t h e  cur- 

r e n t  ques t ion  i s  one of deciding which to implement. To 

a i d  i n  t h i s  dec i s ion  a b r i e f  comparison of a v a i l a b l e  

computational a lgori thms i s  now made. The poin t  of view 

of Kalman (1964-) i s  taken  i n  t h e  d iscuss ion  which f o l -  

lows. 

The computational s o l u t i o n  of optimal c o n t r o l  

problems always r equ i r e s  t h a t  t h e  fol lowing f i v e  condi-: 

t i o n s  be s a t i s f i ed :  

(1) s t a t e - v a r i a b l e  d i f f e r e n t i a l  equations (1 .2 .3)  

(2 )  a lgeb ra i c  equat ions cons t r a in ing  s ta te  v a r i a b l e  

endpoints ( 1 . 2 . 4 )  

(3) t r a n s v e r s a l i t y  a lgeb ra i c  equat ions (1.2.12)  - 

(1.2.15) 

(4)  opt imal  c o n t r o l  condi t ions :  maxU H ( Y ~ , x ~ , ~ ~ , ~ )  

(equat ion (1 .2 .11)  or (1 !6 .2 ) )  
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(5)  a d j o i n t  v a r i a b l e  Euler-Lagraiige d i f f e r e n t i a l  

equat ions (1.2.19) 

The condi t ions above de f ine  a two-point boundary value 

problem. Five computational algorithms which attempt to 

s a t i s f y  these  condi t ions  by successive convergent approx- 

imations a r e  discussed below. 

3.1.1 Flooding Technique. A g r e a t  d e a l  can be 

learned about t h e  opt imal  c o n t r o l  of a system without 

a t tempting t o  o b t a i n  a s o l u t i o n  t o  the two-point boundary 

value problem. If t h e r e  a r e  p unknown i n i t i a l  va lues ,  

t h e  problem i s  f i r s t  re laxed by not r equ i r ing  p condi t ions 

of ( 2 ) ,  which c o n s t r a i n  a f i n a l  s ta te  coordinate ,  to be 

sa t i s f ied . .  The problem then becomes an  i n i t i a l  value 

problem w i t h  one or more a r b i t r a r y  i n i t i a l  va lues .  If 

t h e  number of a r b i t r a r y  i n i t i a l  values  i s  one or a t  most 

two, t h e  method of f looding  (Vincent and Brusch, 1966) 

i s  p r a c t i c a l .  

Solu t ions  a r e  generated s a t i s f y i n g  condi t ions (l), 

( 3 ) ,  (4), and (5 )  and i n i t i a l  condi t ions of ( 2 ) .  The 

equat ions of condi t ions (3 )  and (4) a r e  combined, elim- 

i n a t i n g  the parameters,  to y i e l d  a cu to f f  func t ion .  

Arb i t r a ry  values  f o r  t he  unspecif ied i n i t i a l  v a r i a b l e s  

a r e  chosen, and t h e  r e s u l t i n g  i n i t i a l  value problem i s  

i n t e g r a t e d  numerically u n t i l  one of t h e  zeros of t h e  cu t -  

R 

off func t ion  i s  encountered, i n d i c a t i n g  t h e  t r a n s v e r s a l i t y  
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condi t ions have been met. Using t h i s  method, t h e  s t a t e  

v a r i a b l e  endpoints corresponding to t h e  a r b i t r a r y  i n i -  

t i a l  values  simply f a l l  where they may. A family of 

so lu t ions  i s  generated us ing  t h e  above technique by sys- 

t ema t i ca l ly  varying t h e  i n i t i a l  parameters throi@lout 

t h e i r  range. The family s p e c i f i e s  the reg ion  of end- 

po in t  space throughout which so lu t ions  a r e  poss ib l e .  

I n  add i t ion ,  a mapping i s  obtained between unknown i n i -  

t ia l .  values  and f i n a l  endpoints .  

Since only a s i n g l e  i n t e g r a t i o n  i s  needed f o r  

each so lu t ion ,  t h i s  method i s  economical f o r  parametr ic  

s t u d i e s  when compared wi th  more soph i s t i ca t ed  techniques 

described l a t e r .  The technique economically generates  

such a l a r g e  number of r e s u l t s  t h a t  so lu t ions  t o  a l l  

po in t s  i n  endpoint space may be e a s i l y  v i sua l i zed  and 

a reas  of unusual i n t e r e s t  quickly di.scovered. From t h e  

r e s u l t a n t  manifold of so lu t ions ,  the  s o l u t i o n  to a par- 

t i c u l a r  two-point boundary value problem can be r e a d l l y  

approximated. 

The disadvantages of t h i s  technique a r e  t h e  

fol lowing:  

(1) Exact s o l u t i o n s  to p a r t i c u l a r  endpoints a r e  

not  obtained.  It i s  d e s i r a b l e ,  i n  t h e  case  of 

mul t ip le  s o l u t i o n s ,  t o  compare d i r e c t l y  two 

d i f f e r i n g  so lu t ions  to t h e  same endpoint.  
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(2) Often no opt imal  endpoFnts e x i s t  f o r  c e r t a i n  

ranges of i n i t i a l  values  of t h e  Lagrange mult i -  

p l i e r s  (Vincent and BTusch, 1966, pp. 27-28). 

These ranges a r e  d i f f i c u l t  t o  p r e d i c t  and i n t e -  

g ra t ions  w i t h  i n i t i a l  values  wi th in  these  ranges 

y i e l d  no u s e f u l  information. 

3.1.2 The Classical I n d i r e c t  Method. To use  

t h i s  procedure,  a s e r i e s  of so lu t ions  s a t i s f y i n g  condi- 

t i o n s  (I) ,  (4) and (5) a r e  generated ( see  pages 70-71). 

T h i s  s e r i e s  converges t o  a s o l u t i o n  s a t i s f y i n g  condi t ions 

(2) and ( 3 ) .  The u s u a l  method f o r  s a t i s f y i n g  condi t ions 

( 2 )  and (3) i s  t o  numerically generate  a matr ix  of p a r t i a l  

de r iva t ives  of t he  f i n a l  coordinates  w i t h  respec t  t o  

unknown i n i t i a l  va lues .  T h i s  i s  done by making a s m a l l  

change i n  one of t h e  unknown i n i t i a l  values  and observing 

the r e s u l t i n g  changes i n  t h e  f i n a l  coordinates .  By- con- 

s i d e r i n g  the  f i n a l  coordinates  to be l i n e a r  func t ions  of 

t h e  unknown i n i t i a l  values ,  a simple mat r ix  inve r s ion  

y i e l d s  new i n i t i a l  values  and the  i t e r a t i o n  i s  repeated.  

T h e  method r equ i r e s  good guesses f o r  t h e  i n i t i a l  

values  of t h e  a d j o i n t  v a r i a b l e s ,  p a r t i c u l a r l y  f o r  high 

dimensional s ta te  spaces .  The v a r i a t i o n s  i n  t h e  t e r m i -  

nal boundary condi t ions  w i t h  v a r l a t i o n s  j-n the unknown 

i n i t i a l  values  a r e  o f t e n  s o  s e n s i t i v e  tha t  nu-merical 
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s o l u t i o n s  a r e  i m p r a c t i c a l ,  For f u r t h e r  d i scuss ion ,  r e f e r  

t o  Kopp and Moyer (1966, pp.  l O 5 - l l & ) .  

3.1.3 Method - of Gradcents. This procedure i s  

i n i t i a t e d  by making an i n i t i a l  es t imate  of t he  c o n t r o l  as 

a func t ion  of time; t h e  corresponding t r a j e c t o r y  is com- 

puted, a n d  t h e  va lue  of t h e  performance index c a l c u l a t e d .  

The "d i r ec t ion"  i n  s t a t e  space f o r  which the  r a t e  of 

change of t h e  performance index i s  g r e a t e s t  i s  then  de te r -  

mined as a func t ion  of t ime. A s m a l l  s t e p  i s  then  taken 

i n  t h e  grad ien t  d i r e c t i o n .  That i s ,  a t  each poin t  i n  

t ime, each s t a t e  space coord.inate i s  modified by a s m a l l  

quan t i ty  p ropor t iona l  t o  t he  

vec to r  on i t s  coord ina te  a x i s ,  The performance index 

i s  reevaluated and t h e  i t e r a t i o n  proceeds u n t i l  t h e  

value of t h e  index i s  s t a t i o n a r y .  A s  opposed t o  t h e  

i n d i r e c t  methods previous ly  discussed which so lve  t h e  

f i rs t  order  necessary condi t ions  on p .  70, t h i s  method 

is considered a d i r e c t  method, s i n c e  a d i r e c t  searcli f o r  

t h e  extreme va lue  of t h e  performance index i s  made. 

Methods previous ly  discussed have been i n d i r e c t  s i n c e  

s o l u t i o n s  ha,ve been generated us ing  necessary condi t ions  

of t h e  Calculus of Var ia t ions .  

11 pro jec t ion ' '  of t h e  grad ien t  

I n  terms of t h e  necessary condi t ions ,  l i s t e d  on 

p.  70, condi t ions  (I.) and (5) a r e  s a t i s f i e d  by each solu- 

t i o n  of a s e r i e s  of  s o l u t i o n s ,  and i t e r a t i o n  proceeds 
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u n t i l  ( 2 )  , (3) and (4)  a r e  s a t i s f i e d  wi th in  some t o l e r -  

ance.  Convergence of t h i s  method does not  depend upon 

good i n i t i a l  guesses f o r  the  c o n t r o l s .  Although t h e  

method i s  r e l a t i v e l y  easy to program, i t s  e f f i c i e n c y  i s  

l i m i t e d ,  s i n c e  t h e  convergence s lows i n  t h e  neighborhood 

of t he  optimal s o l u t i o n .  For a complete d i scuss ion  of 

t h i s  theory,  consul t  Kelly (1962, pp. 205-254). A 

d e t a i l e d  d iscuss ion  of a numerical  a lgori thm w i t h  an 

example i s  found i n  H i l l s l e y  and Robbins (1964, pp. 107- 

134). 

3.1.4 The Second Var ia t ion  Method. The second 

v a r i a t i o n  method- (Kelly,  Kopp, and Moyer, lg@I.) i s  a l s o  

termed a d i r e c t  method, s i n c e  a d i r e c t  search  i s  made- 

on the  functional- .  Again a s e r i e s  of so lu t ions  sa , t isfy-  

i n g  condi t ions (1) and (5) i s  genera%ed and i t e r a t i o n  of 

t h e  s o l u t i o n  proceeds u n t i l  condi t ions  (2), ( 3 ) ,  and (4) 

a r e  s a t i s f i e d .  The main advantage of t h i s  method over 

t h e  method of g rad ien t s  i s  t h a t  eonvergence i n  t h e  

neighborhood of t h e  s o l u t i o n  i s  much improved. The sec- 

ond, v a r i a t i o n  method deterrnines t h e  s t e p  s i z e  t o  be taken, 

while  t h e  g rad ien t  method provides no ind ica t ion  of s t e p  

s i z e .  Again, convergence to a l o c a l  minimum i s  independent 

of t h e  i n i t i a l  s o l u t i o n  es t imates .  Unfortunately,  t h e  

computer t i m e  saved by t h i s  method i s  o f f s e t  by computer 
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f o r  t h e  grad ien t  method. 

3.1.5 The Generalized Newton-Naphson Method. 

T h i s  method, which w i l l  be discussed i n  d e t a i l  i n  t h e  

next s e c t i o n ,  i s  an  i n d i r e c t  method. It d i f f e r s  from 

c l a s s i c a l  i n d i r e c t  methods only i n  t h e  technique used to 

so lve  t h e  two-point boundary value problem. Necessary 

condi t ions (2), (3), and ( k )  a r e  s a t i s f i e d  by each solu-  

t i o n  of a s e r i e s  of s o l u t i o n s ,  and an i t e r a t i o n  i s  per- 

formed i n  func t ion  space which converges to a s e t  O f  

f unc t ions  s a t i s f y i n g  condi t ions (1) and (5 ) .  The de te r -  

mination of t h e  s t e p  s i z e  i s  inherent  i n  t h e  method, and 

convergence i s  r a p i d  near t h e  optimal s o l u t i o n .  Pro- 

gramming f o r  t h i s  method i s  more complex than  for t h e  

grad ien t  method, but l e s s  involved t h a n  that requi red  f o r  

t h e  second v a r i a t i o n  method. 

The convergence of t h i s  method depends upon t h e  

choice of i n i t i a l  s o l u t i o n  e s t ima tes .  A s u f f i c i e n c y  

theorem f o r  convergence has been developed by McGill and 

Kenneth (1963) f o r  a gene ra l  system of n second order  

ord inary  nonl inear  d i f f e r e n t i a l  equat ions .  Unfortunately,  

as t h e  authors  poin t  ou t ,  problems of  engineer ing i n t e r e s t  

seldom s a t i s f y  t h e  s t r i n g e n t  condi t ions  of t h e  theorem. 

The condi t ions  of t h e  theorem a r e  s u f f i c i e n t ,  bu t  not 

necessary,  a n d  many i n v e s t i g a t o r s ,  inc luding  t h i s  au thor ,  
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have achieved convergence from elementary i n i t i a l  e s t i -  

mates which do not  s a t i s f y  t h e  condi t ions of t h e  theorem 

(Moyer and Pinkham, 1964, pp. 91-106; Lewallen, 1967). 

Sophis t ica ted  and e f f e c t i v e  algorithms have been devel- 

oped by Lewallen, Tapley, and T T T l l i a m s  (1968) f o r  

s t a b i l i z i n g  convergence of t h e  i t e r a t i o n  a t  some s a c r i -  

f i c e  i n  e f f i c i e n c y .  With t h e s e  techniques,  convergence 

envelopes have been achieved which permit i n i t i a l  e s t i -  

mates,  generated w i t h  some of t h e  i n i t i a l  values i n  e r r o r  

by over 100 pe r  cen t ,  to converge to t h e  optimal solu- 

t i o n .  If i n i t i a l  es t imates  a r e  i n  too g r e a t  of e r r o r ,  

t h e  i t e r a t i o n  d iverges .  

3.2 A Generalized Method of  Newton-Raphson 

The Newton-Raphson method w a s  f i r s t  suggested by 

Hestenes (1949) f o r  ob ta in ing  s o l u t i o n s  to f i x e d  end- 

po in t  problems i n  t h e  ca l cu lus  of v a r i a t i o n s .  The method 

w a s  expanded and developed by Bellman and Kalba (1965) to 

inc lude  problems wi th  a v a r i e t y  of boundary condi t ions .  

Bellman and Kalba r e f e r r e d  to t h e  method as quas i l i nea r -  

i z a t i o n .  The method w a s  appl ied  t o  n-dimensional o p t i -  

mizat ion problems formulated i n  s t a t e  v a r i a b l e ,  c o n t r o l  

v a r i a b l e  n o t a t i o n  by McGill and Kenneth (1964). 

fol lowing d i scuss ion  follows t h e i r  work, except for t h e  

The 

s e c t i o n  on v a r i a b l e  endpoint problems wi th  f i n a l  t i m e  

f r e e  . 



- 3 . 2 . 1  An I t e r a t i o n  for Nonlinear I n i t i a l  Value 

Problems. 

d i f f e r e n t i a l  equat ions : 

Consider t h e  fol lowing system of 2n nonl inear  

- Y- = F(y-,t) (3 .2 .1 )  

sub jec t  to f i x e d  i n i t i a l  p o i n t  c o n s t r a i n t s  

Y j W  = Y j o  j = 1 , 2 , .  . . > p  (3 .2 .2 )  

and f i n a l  po in t  c o n s t r a i n t s  

If - F i s  a func t ion  of t ,  - F can be transformed i n t o  

an  autonomous system by observing t h e  change .of v a r i a b l e  

= t  

= 1  

3”2n+1 

Y2n+1 

and adding the  c o n s t r a i n t  

= o  Y ( 2n-r-1) 0 

(3 .2 .7)  

(3 .2 .8 )  

( 3 . 2 - 9 )  

Thus, - F may be considered as a func t ion  of only 

- y without any loss  i n  gene ra l i t y ;  such a f u n c t i o n a l  r e l a -  

t i o n s h i p  i s  assumed i n  t h e  following development. 
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Consider t h e  t runca ted  Taylor S e r i e s  expansion 

of - -  F ( y )  about some nominal s t a t e  f u n c t i o n  xo(t) which 

s a t i s f i e s  i n i t i a l  cond i t ion  c o n s t r a i n t s  bu t  does not 

necessa r i ly  s a t i s f y  equat ion  ( 3 . 2 . 1 )  : 

where 

and. 1%) i s  recognized as t h e  Jacobian of t h e  vec to r  func- 
- 

t i o n .  

s o l u t i o n  of equat ion  (3 .2 .1 ) .  I f ,  a t  any time t ,  a new 

t r a j e c t o r y  - y (t) i s  not equal  to t h e  estrimate I y o ( t ) ,  

equat ion (3  a 2 .  lo) gives an approximate formula f o r  e s t i -  

Here - y " ( t )  may be i d e n t i f i e d  as an  es t imate  t o  t h e  

1 

1 
mating values  of t h e  vec to r  func t ion  F - -  [y  (t)]. 

1 s t i t u t i n g  t h e  l i n e a r  approximation f o r  - -  F(y  ) from equa- 

t i o n  (3.2.  l o )  i n t o  equat ion ( 3 . 2 . 1 )  , a l i n e a r i z e d  approx- 

By sub- 

imation of  t h e  nonl inear  d i f f e r e n t i a l  equat ion r e s u l t s  : 

t i o n  (3.2.12) i s  recognized as a v e c t o r  l i n e a r  d i f f e ren -  

t i a l  equat ion w i t h  time varying c o e f f i c i e n t s .  The quan- 

t i t y  i n  bracke ts  i s  t h e  d r iv ing  func t ion ,  a known func t ion  

of t ime.  
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It i s  assumed tha t  t h e  s o l u t i o n  of t h i s  l i n e a r -  

ized  d i f f e r e n t i a l  equat ion w i l l  g ive an  approximate solu- 

t i o n  t o  the nonlinear  d i f f e r e n t i a l  equa-tLon sub jec t  t o  a 

given s e t  of i n i t i a , l  condi t ions .  I n  p a r t i c u l a r ,  suppose 

tha t  t h e  s o l u t i o n  - y (t) found by i n t e g r a t i n g  equa-Lions 1 

(3.2.12) i s ,  i n  some sense,  a b e t t e r  approximaticn to 

t h e  s o l u t i o n  of equat ion (3 .2 .1)  t han  - y o ( t )  . If t h i s  i s  

t h e  case i n  genera l ,  an  even b e t t e r  approximation f o r  

t h e  s o l u t i o n  of t h e  nonl inear  equat ion could be obtained 

by d-iscarding y o ( t )  - and i n t e g r a t i n g  t h e  l i n e a r i z e d  equa- 

t i o n  again,  t h i s  time regarding t h e  new s o l u t i o n  y - (t)  

as t h e  s o l u t i o n  es t imate .  Evidently t h i s  process could 

be repeated any number of t imes ,  1 te ra t i .on  (n  -t 1) cam 

1 

be w r i t t e n  as 

The s u p e r s c r i p t s  here  a r e  i t e r a t i o n  ind ices  and do not 

r ep resen t  exponent ia t ion.  

The i t e r a t i o n  represented i n  equation (3.2.13) 

i s  termed a genera l ized  Newton-Raphson i t e r a t i o n ,  s ince  

it may be obtained from a d i r e c t  g e n e r a l i z a t i o n  of t h e  

Newton-Raphson operator  f o r  f ind ing  roots of a s c a l a r  

equat ion (McGill and Kenneth, 1964, p .  1762).  The 

ques t ion  of convergence of t h i s  sequence has been pur- 

posely avoided, s ince  even h e u r i s t i c  arguments a r e  q u i t e  



81 

complex. It i s  aga in  noted that  a su f f i c i ency  theorem 

f o r  convergence does e x i s t  f o r  systems which s a t i s f y  cer-  

t a i n  s t r i n g e n t  requirements on t h e  s e t  of d i f f e r e n t i a l  

equations and on I y o ( t )  (McGill and Kenneth, 1963). 

3 .2 .2  Problems wi th  Fixed Boundary Coordinates.  

Up u n t i l  t h i s  po in t  t h e  boundary condi t jons of equat ion 

(3 .2 .3)  have been ignored. The above arguments have 

simply shown tha t  a s e r i e s  of so lu t ions  to a l i n e a r  

i n i t i a l  value problem w i l l ,  under appropr ia te  circum- 

s tances ,  converge t o  t h e  s o l u t i o n  of a nonl inear  . i n i t i a l  

value problem. But now, wi th  l i n e a r  d i f f e r e n t i a l  equa- 

t i o n s ,  t h e  two-point boundary value problem i s  t r a c t a b l e .  

If t h e  known f i n a l  coordinates  and t h e  f ina l .  t ime axe 

f ixed ,  t h e  p r i n c i p l e  of superpos i t ion  may be appl ied  to 

equations (3.2.13) to s a t i s f y  t h e  boundary condi t ions 

represented by equations (3 .2 .2)  and ( 3 . 2 . 3 ) .  For con- 

venience r ewr i t e  equat ion (3.2.13) f o r  t h e  genera l  

(n  + 1) i t e r a t i o n  as 

where 

€3 = - i~],.. 

(3.2.14) 

(3 * 2-15)  

(3.2.16) 
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At t h i s  poin t  i t  i s  convenient to consider  that  t h e  e l e -  

ments of - y (and, of course,  - F) have been ordered s o  that  

t h e  p v a r i a b l e s  having knowfi i n i t i a l  condi t ions a r e  the 

f i r s t  elements of y - and t h e  (2n - p )  s t a t e s  having . 

unknown i n i t i a l  condi t ions  a r e  t h e  las t  elements of y.  - 

This i s  i n  no way necessary.  It i s  simply n o t a t i o n a l l y  

and computationally exped-ient . 
The homogeneous p a r t  of equat ion (3.2.14) i s  

(3 .2 .37 )  

Consider i n t e g r a t i n g  t h i s  equati-on forward (2n - p )  times 

w i t h  t h e  i n i t i a l  vec tors  chosen as follows: For each 

i n t e g r a t i o n ,  each element of the i n i t i a l  vec tor  i s  zero 

except f o r  one. For t h e  f i r s t  i n t e g r a t i o n ,  element 

p +- 1 i s  chosen to be 1. 

(p 4- n ) - t h  element i s  chosen t o  be 1. 

us ing  these  p a r t i c u l a r  i n i t i a l  vec to r s  to generate  inde- 

pendent so lu t ions  to equat ion (3.2.17) w i l l  become 

apparent l a t e r .  

For t h e  nth i n t e g r a t i o n ,  t h e  

The reason for 

Let H be a mat r ix  of r e s u l t i n g  homogeneous solu- 

t i o n s  whose genera l  element a 

i n i t i a l  s t a r t i n g  vec to r  y+ defined above. I n  o t h e r  
k 

words, t h e  k- th  column of H i s  t h 2  s o l u t i o n  vec to r  - y ( t )  

i s  y i ( t )  generated w i t h  k i  

corresponding to i n i t i a l  vec to r  y . H has (2n - p )  
*k 

columns and 2n rows. Since equat ion (3.2.14) i s  l i n e a r ,  

t h e  p r i n c i p l e  supe rpos i t i on  app l i e s ,  and a genera l  
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s o l u t i o n  to (3 .2.14)  can be w r i t t e n  as t h e  sum of a par- 

t i c u l a r  s o l u t i o n  to t h e  non-homogeneous equation and 

(2n - p )  l i n e a r l y  independent s o l u t i o n s  of t h e  homogene- 

ous equat ion.  I n  p a r t i c u l a r  A 

- y ( t )  H ( t ) c  - -F - x ( t )  (3.2.18) 

where ....-.. c i s  a vec to r  of a r b i t r a r y  cons tan ts  and where L x ( t )  

i s  any p a r t i c u l a r  s o l u t i o n  of (3.2.144, which s a t i s f i e s  

i n i t i a l  c o n s t r a i n t s  of equation (3 .2 .2 ) .  I n  p a r t i c u l a r  l e t  

- x ( t )  = 2 (t), t he  most recent  es t imate  f o r  t h e  opt imal  

s o l u t i o n .  At t h e  f i n a l  po in t  t h i s  becomes 

n-t- 1 

y = H ( t f ) c  -t sf (3 .2  * 19)  
-f 

Equation (3.2.19) r ep resen t s  2n equations i n  t h e  (2n - p)  

a r b i t r a r y  e ' s .  However, p of t hese  equ-atrions a r e  of no 

i n t e r e s t  s ince  they  involve va r i ab le s  which a r e  not  con- 

s t r a i n e d .  Form t h e  vec tors  and $ by d e l e t i n g  t h e  p 

elements corresponding to s t a t e s  not involved i n  t h e  

f i n a l  c o n s t r a i n t s .  

rows of Hf .  

Form HI ( t f )  by d e l e t i n g  corresponding 

Hr i s  a (2n - p )  by (2n - p )  matrix. Then 

t h e  p e r t i n e n t  equat ions may be w r i t t e n  

y '  = H r ( t f ) c  - + - xi -f (3.2.20) 

The elements of L c i n  equat ion (3.2.20) can now be se l ec t ed  

t o  s a t i s f y  t h e  requi red  f i n a l  boundary condi t ions .  
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(3.2.21)  

The corresponding i n i t i a l  condi t ions are found by evalu- 

a t i n g  (3.2.18) a t  to and s u b s t i t u t i n g  I c from equat ion 

( 3 . 2 , 2 1 ) .  Note that  t h e  f i r s t  p rows of H ( t o )  a r e  a l l  

zero,  while t h e  l a s t  (2n - p )  rows and columns form a n  

id .ent i ty  matr ix .  Thus, t h e  vec tor  - c does not a f f e c t  

known i n i t i a l  cond-it ions and equat ion (3.2.18) becomes 

s imply 

i = p+l,p+2,. . .,2n (3.2.22) Y i o  = c i + xio 

where t h e  c i f s  a r e  given by equhation (3 .2 .21 ) .  

advantage of choosing t h e  i n i t i a l  vec tors  as descr ibed 

fol lowing equation (3.2.17)  i s  now apparent .  

values  a r e  r e f e r r e d  t o  as t h e  updated i n i t i a l  va lues ,  and 

t h e  ci values are r e f e r r e d  to as t h e  updates.  

The 

The yio 

If equat ion (3.2.14) i s  i n t e g r a t e d  forward, w i t h  

t h e  updated i n i t i a l  values  f r o m  equat ion (3 .2 .22) ,  t h e  

des i red  f i na l  endpoints w i l l  be approached. Under appro- 

p r i a t e  circumstances,  the r e s u l t i n g  endpoints w i l l  be 

c l o s e r  i n  a Eucl id ian  sense to t h e  des i r ed  f i n a l  endpoint 

t han  t h a t  of t h e  o ld  s o l u t i o n .  

A complete i t e r a t i o n  i n  so lv ing  the  boundary value 

problem has now been made, and the  e n t i r e  process can be 

repeated aga in  as fol lows:  
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For a given s e t  of i n i t i a l  va lues ,  repea ted ly  

eva lua te  new values  for y n-tl us ing  equation. 

(3.2.13) u n t i l  t h e  s o l u t i o n  of t h e  l i n e a r  d i f -  

f e r e n t i a l  equat ion (3.2.14)  i s  a c lose  approxi- 

mation to t h e  s o l u t i o n  of t h e  nonl inear  d i f f e r -  

e n t i a l  equat ion  (3 .2 .1)  . 
Form t h e  H mat r ix  by i n t e g r a t i n g  equat ion 

(3.2.17)  w i t h  t h e  appropr i a t e  i n i t i a l  vec tors  .. 
Use t h e  r e s u l t i n g  f i n a l  values  to update t h e  

i n i t i a l  unknown values  us ing  equations (3 .2 .21)  

and (3 .2 .22 ) .  

Repeat u n t i l  t h e  boundary values  and t h e  solu-  

t i o n  a r e  wi th in  s p e c i f i e d  to l e rances .  

Note that  s t e p  (1) may r e q u i r e  5 t o  10 i n t e g r a -  

t i o n  i t e r a t i o n s .  Experience indica,tes that  i t  i s  unneces- 

s a r y  to o b t a i n  an accu ra t e  approximation to t h e  nonl inear  

d i f f e r e n t i a l  equat ions before  updating t h e  i n i t i a l  va lues .  

I n  p r a c t i c e ,  s t e p  (2 )  i s  performed a f t e r  every in t eg ra -  

t i o n  of equat ions (3.2.14)  and (3.2.17),  except when two 

consecutive p a r t i c u l a r  s o l u t i o n s  d i f f e r  considerably.  

Consequently, t h e  convergence on t h e  boundary condi t ions 

i s  simultaneous w i t h  t h e  convergence on t h e  s o l u t i o n .  

3.2.3 Variable F i n a l  Point Boundary. The method 

for v a r i a b l e  endpoints i s  e s s e n t i a l l y  t h e  same as t h a t  
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f o r  f i x e d  endpoints.  Only a modi f ica t ion  i n  obta in ing  

t h e  i n i t i a l  value updates - c need be made. 

Two methods have been suggested f o r  handling such 

problems w i t h  a n  unspec i f ied  f i n a l  t ime.  

suggests  a change i n  independent v a r i a b l e ,  t = as, where 

s i s  the  new independent v a r i a b l e  w i t h  a range of 

Long (1965) 

0 - < s - < 1. The v a r i a b l e  a i s  appended t o  t h e  system as 

a pseudo-state  v a r i a b l e  whose d e r i v a t i v e  w i t h  r e spec t  t o  

s i s  zero.  The method works well .  However, a r e l a t i v e l y  

complex term corresponding t o  t h e  new s t a t e  v a r i a b l e ,  a, 

must be added t o  each d i f f e r e n t i a l  equat ion.  A second 

method has been developed. by Lewal-len (1967) and i s  t h e  

method followed below. 

If t h e  f i n a l  time i s  f r e e ,  t h e r e  must be 2n 4- 1 

boundary condi t ions  to completely spec i fy  t h e  s o l u t i o n .  

If, as before ,  t h e r e  a r e  p i n i t i a l  coordinate  c o n s t r a i n t s ,  

t h e r e  must be (2n 3- 1 - p) c o n s t r a i n t s  involving t h e  

f i n a l  p o i n t .  Let t hese  be represented by 

?, . (y') = JIPf 1 --f i = 1,2 ,  ..., 2nf-l-p (3 2.23) 

or 

l ( y ' )  = Ill++ - -f -f 

where r ep resen t s  a cons tan t  vec to r  of des i red  values  

f o r  t h e  f i n a l  c o n s t r a i n t s .  If  t h e  t e rmina l  c o n s t r a i n t s  

(3.2.23) a r e  not  s a t i s f i e d ,  the  d i f f e rence  between t h e  
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des i red  value LX- and. t h e  a c t u a l  value &($) i s  c a l l e d  t h e  

t e rmina l  c o n s t r a i n t  d i s s a t i s f a c t i o n s  A4 I : 
f 

Ail = $*  - $ ( y ' )  (3.2.24) -f - -f I 

The te rmina l  c o n s t r a i n t  d i s s a t i s f a c t i o n s  can be l i n e a r l y  

approximated by summing 

(1) t h e  change i n  - $ due t o  s m a l l  change i n  i t s  argu- 

ments Ax:, assuming t h e  f i n a l  t ime f ixed  and 

(2) t h e  change i n  - (J due to a change i n  t h e  f i n a l  

time A t ,  assuming t h e  f i n a l  s t a t e  f i x e d .  

Symbolically t h i s  i s  

A n  equatrlon has a l r eady  been obtained from which Ax: can 

be expressed. Rewriting equat ion (3.2.20)  gives  

S u b s t i t u t i n g  (3.2.26)  i n t o  (3.2.25)  y i e l d s  

Ak = [ .- ] B ' ( t f ) c  + "1 A t f  (3 .2 .27)  
dt f 

- %g 
The va lues  f o r  can be computed d i r e c t l y  from t h e  

values  of using t h e  d i f f e r e n t i a l  e q u a l i t y  dt f 

(3.2.28) 
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d-z 

The values  f o r  t h e  vec to r  - dt 
a r e  a v a i l a b l e  as 

f 

t i o n  of t h e  p a r t i c u l a r  s o l u t i o n .  S u b s t i t u t i n g  equation 

(3 .2 .28)  i n t o  equat ion (3.2.27)  and s implifying y i e l d s  

L J 

I n  p r a c t i c e ,  t h e  column vec to r  - i s  adjoined t o  t h e  

matr ix  H' ( t f )  and equat ion (3.2.29)  i s  w r i t t e n  
E' I f  

( 3 2 . 3 0 )  

where 

The updates f o r  t h e  i n i t i a l  values ,  - c and A t f ,  can be 

solved f o r  us ing  equat ion (3.2.30)  by a simple matrix 

m u l t i p l i c a t i o n  and matrix inve r s ion .  

3.3 An Example of t h e  Modified Newton-Raphson Method 

A s  an  example of theory  developed i n  t h e  previous 

sec t ion ,  consider  t h e  s o l u t i o n  of t h e  two-point boundary 

va lue  problem a r i s i n g  from t h e  opt imal  o r b i t a l  mechanics 

problem posed i n  Chapter 5. To apply t h e  modified 
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Newton-Raphson method, t h e  s e t  of d i f f e r e n t i a l  equat ions 

t o  be in t eg ra t ed  must f i r s t  be l i n e a r i z e d .  I n  terms of 

t h e  t h e o r e t i c a l  development, the elements of matr ix  A and 

vec tor  B, defined by equations (3.2.15) and (3.2.16),  

must be determined. For i l l u s t r a t i o n ,  consider  t h e  

equation, equation ( 5 . l . 5 0 ) ,  which i s  repeated below f o r  

convenience. 

1 s i n  g = f 1 - -  * F  h u  
3 

u = -  M (3 .3.1)  

The elements of t h e  vec tor  - y f o r  t h i s  problem a r e  

[u ,g ,R, lu ,hg , l r ]T .  According t o  equat ion (3.2.15) t h e  

p a r t i a l  de r iva t ives  of f l  w i t h  r e spec t  to t h e  elements 

of - y form t h e  f i r s t  row o€ t h e  A matrix. 

t i v e s  are l i s ted-  below. 

These der iva-  

af 1 afl 1 
A12 = 

= ag z= - - 
R2 'Os 

(3 .3.2)  

(3.3.3) 

( 3 .3 14) 

(3.3.5) 
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exhib i ted  i n  FORTRAN i n  subrout ine DIFFL of 

Next, t h e  boundary condi t ions  must be l i n e a r i z e d .  

To do t h i s  t h e  elements of t h e  matrix ~ ~] must be 

determined. For t h e  optimal o r b i t a l  mechanics problem, 

2; - - C”f’gfYRfJufJgf’ h rf I T ,  s i nce  a l l  of t he  elements 

of xf a r e  involved i n  t h e  c o n s t r a i n t s .  

n o t a t i o n  used i n  Appendix By t h i s  mat r ix  i s  c a l l e d  HPAR. 

Following t h e  

The c o n s t r a i n t  equat ion (5.1.29) i s  repeated below as an 

example. 
2 
f 1 U 

cE Rf 01------- 2 
- 

The elements of t h e  f i r s t  row 

(3.3 * 11) 

of HPAR a r e  given below. 

U f (3.3.12) 

0 (3  3.13) 

1 
2 

Rf 
(3.3.14) 

(3.3 15) 

A l l  t h e  elements of t he  HPAX matr ix  a r e  exhib i ted  i n  

FORTRAN i n  subrout ine BOUND of Appendix B. Once t h e  pre-  

l iminary  work of L inea r i za t ion  has been performed, t h e  

genera l ized  subrout ines  exhib i ted  i n  Appendix I3 can be 

used d i r e c t l y .  
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Subroutine QUASI c o n t r o l s  t h e  genera t ion  of a 

s o l u t i o n  t o  a two-point boundary va lue  problem. Although 

t h e  l i s t i n g  of t h i s  subrou-tine i n  Appendix B i s  intended 

t o  be se l f -explana tory ,  a gene ra l  d e s c r i p t i o n  of t h e  com- 

p u t a t i o n a l  procedure i s  i n  order .  Each genera l ized  

Newton-Raphson i t e r a t i o n  r e q u i r e s  t h e  genera t ion  of a 

p a r t i c u l a r  s o l u t i o n  and (2n - p )  homogeneous s o l u t i o n s  t o  

equat ion (3.2.14) .  Since each s o l u t i o n  has 2n independent 

v a r i a b l e s ,  one i t e r a t i o n  r e q u i r e s  t h e  i n t e g r a t i o n  of 

2n(2n - p + 1) f i r s t  order  d i f f e r e n t i a l  equat ions .  Each 

of t hese  s o l u t i o n s  could be generated s e p a r a t e l y .  Kow- 

ever ,  if rap id  aceess  memory i s  l i m i t e d ,  t h i s  method i s  

computationall~y i n e f f i c i e n t  s ince  r m t r i x  A ( t )  must be 

evaluated (211 - p -I- I) t imes .  Ins tead ,  all- (2n - p -f- 1) 

s o l u t i o n s  a r e  generated simultaneously.  A t  any given 

time i n  t h e  i n t e g r a t i o n ,  matr ix  A need only be evaluated 

once i n  order  t o  i n t e g r a t e  a l l  s o l u t i o n s  forward one 

s t e p .  T h i s  method a l so  saves cons iderable  time i n  com- 

p u t a t i o n a l  overhead. 

Before so lv ing  t h e  two-point boundary va lue  prob- 

lem, an es t imate  of t h e  i n i t i a l  s o l u t i o n  i s  s t o r e d  i n  

mat r ix  XOLD a t  d i s c r e t e  t imes d i f f e r i n g  by a cons tan t  

increment A .  XOLD i s  def ined s o  t h a t  X O L D ( i , l )  = 

yi(to) and X O L D ( i , j )  = yi ( to  f ( j - l ) A ) .  

A s m a r y  of t h e  opera t ion  of' subrout ine QUASI i s  

given be low. 
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(I) Set  t h e  elements of mat r ix  A and matrix B which 

a r e  not func t ions  of time to t h e i r  i n i t i a l  va l -  

ues ( c a l l  DIFFI) . 
Set  up i n i t i a l  vec to r  x of l eng th  2n(2n - p -E 1) 

to be i n t e g r a t e d .  The elements of X correspond 

to t h e  i n i t i a l  vec to r s  for t h e  p a r t i c u l a r  solu-  

t i o n  and (2n - p )  homogeneous s o l u t i o n s  needed. 

I n t e g r a t e  a l l  equations to t h e  f i n a l  t ime e s t i -  

mate. Af t e r  each i n t e g r a t i o n  s t e p ,  s t o r e  t h e  

new p a r t i c u l a r  s o l u t i o n  i n  XOLD. The o l d  par -  

t i c u l a r  s o l u t i o n ,  which has j u s t  been used to 

(2) 

( 3 )  

evalua te  A and 3, i s  of no f u r t h e r  use and. i s  

destroyed.  

Evaluate t h e  updates t o  t h e  unknown i n i t i a l  

values  and to t h e  f i n a l  time es t imate  ( c a l l  

(4) 

BOUIXD). 

(5) Change t h e  unknown i n i t i a l  condi t ions  and f i n a l  

time by a f r a c t i o n  of t h e  nominal updates .  The 

f r a c t i o n  used depends upon c e r t a j n  convergence 

and s t a b i l i t y  c r i t e r i o n .  

Determine i f  t h e  s o l u t i o n  has converged t o  

wi th in  desired. t o l e rances .  If no t ,  r e t u r n  to 

s t e p  3. 

(6) 

The a c t u a l  i n t e g r a t i o n  i n  s t e p  3 i s  performed by 

subrout ine  RUI!TKUT which c a l l s  subroutLne DLSUB to 
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evalua te  t h e  r i g h t  hand s i d e  of t h e  f i r s t  order  d i f f e r -  

e n t i a l  equations being i n t e g r a t e d .  DrXUB i n  t u r n  c a l l s  

subrout ine DIFFL, which eva lua tes  mat r ices  A and B us ing  

t h e  o l d  p a r t i c u l a r  s o l u t i o n  s to red  i n  XOLD. Using A and 

13, subrout ine DLSUB then  eva lua tes  t h e  r i g h t  hand s i d e s  

of t he  par t r icular  and. a l l  homogeneous d i f f e r e n t i a l  equa- 

t i o n s  and r e tu rns  these  r e s u l t s  t o  RUNKUT. Subroutine 

RUNKUT i n t e g r a t e s  forward one s t e p  and r e t u r n s  control- 

subrout ine QUASI,  which s t o r e s  t h e  new s o l u t i o n  i n  XOLD 

and determines i f  t h e  f i n a l  time has been encountered. 

This procedure i s  repeated u n t i l  t h e  f i n a l  time i s  

encountered. The deta5.ls of t hese  programs a r e  descr ibed 

i n  t h e  FORTRAN l i s t i n g s  of Appendix B.  



THRUSTING FLARIuiONIC OSCILLATOR 

T h i s  chapter  dea l s  w i t h  t h e  occurrence of mul- 

t i p l e  s t a t i o n a r y  s o l u t i o n s  f o r  problems having bounded 

c o n t r o l  and pe r iod ic  s o l u t i o n s .  Such mul t ip le  solutioins 

have been observed i n  a nonl inear  orb j - ta l  mechanics 

problem discussed i n  Chapter 5 .  In  order  t o  ga in  some 

i n s i g h t  i n t o  t h e  l a t t e r  problem, it i s  d e s i r a b l e  t o  

i n v e s t i g a t e  f i r s t  a simple l i n e a r  problem which e x h i b i t s  

similar mul t ip le  s o l u t i o n s .  

F ig .  4 .1  Thrust ing Harmonic O s c i l l a t o r  

95 



Consider a mass m which i s  connected v e r t i c a l l y  

to an i n e r t i a l  re fe rence  by a sp r ing  and dash pot as 

shown i n  Figure 4.1.  The sp r ing  constant  per  u n i t  m a s s  

i s  represented by k, and t h e  c o e f f i c i e n t  of damping p e r  

u n i t  mass i s  represented by e .  The mass i s  capable of 

producing a bounded t h r u s t  p e r  u n i t  m a s s  of T i n  t h e  

upward d i r e c t i o n  only .  The mass i s  assumed cons t an t .  

The equations of motion for t h i s  t h r u s t i n g  harmonic 

o s c i l l a t o r  a r e  

v = T - cv - kx k > O , c > O  (4.1.1) 

x = v  

0 - < T - < Tmax 

where 

(4.1.2) 

(4.1.3) 

x i s  t h e  p o s i t i o n  of t h e  mass measured i n  an 

upward d i r e c t i o n  from i t s  equi l ibr ium pos i -  

t i o n  
* 

v i s  t h e  mass v e l o c i t y .  

The problem i s  t o  t r a n s f e r  t h e  m a s s  f r o m  r e s t  

t o  a given f i n a l  height  h while minimizing t h e  c o n t r o l  

e f f o r t ,  

I 

J = Tdt (4.1.4) 
t 

0 
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The boundary condi t ions ( a lgeb ra i c  equations of con- 

s t r a in t )  f o r  t h i s  problem are 

xo = 0 = o  
vO 

to = 0 (4.1.5) 

v i s  f r e e  tf i s  f r e e  (4.l.6) f xf = h 

The Hamiltonian and G func t ions  may be w r i t t e n  as 

= ( A v  - l)F - Av(ev -I- kx) -I- hxv (4.1.7) 

The i n i t i a l  po in t  c o n s t r a i n t s  have not been included i n  

the  sum G above, s i n c e  doing s o  provides no usefu.1 i n f o r -  

mation. Since H i s  not  a n  e x p l i c i t  func t ion  of t ime, 

the f i r s t  i n t e g r a l  implies  t ha t  H i s  equal  to a cons tan t .  

The a d j o i n t  v a r i a b l e  Euler-Lagrange equations are 

and 

A, = Xvk 

(4.1.9) 

(4.1.10) 

The c o n t r o l  switching func t ion  i s  seen from equat ion 

(4.1.7) t o  be 

S = X v - l  
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Therefore,  t h e  Maximum Pr inc ip l e  ( see  s e c t i o n  1.3.5) 

y i e l d s  t he  following c o n t r o l  algorithm: 

T = O  - 1 < o  

0 < T < Tmax - 1 = o  (4.1.11) 

- 1 > o  = Tmax 

For s ingu la r  control, t h a t  i s  , intermediate  t h r u s t ,  

hv must equal 1, and a l l  t h e  t ime de r iva t ives  of Xv must 

be 0 .  If t h i s  i s  t h e  case,  equat ion (4.1.9) r equ i r e s  

= e; t h e r e f o r e ,  X x  i s  zero and equat ion (4.1.10) 

r equ i r e s  k = 0.  T h i s  c o n t r a d i c t s  t h e  assumptions of t h e  

problem and s ingu la r  cont , rol  i s  ru led  out. The c o n t r o l  

must be bang-bang. 

Solving equations (4 .1 .9)  and (4.1.10) for Xv 

C 
gives  

-4 
= e2 ( A  s i n  b t  f B cos bt), (4.1.12) 

xV 

i f  

c2 - 4k < 0 

where 
b ~(4k-c I 2 ) 1/2 (4.1.13) 

The case  of c2 - 4k > 0 is not  of i n t e r e s t  s ince  t h e  - 
phys ica l  system does not e x h i b i t  pe r iod ic  o s c i l l a t i o n s  

under these  circumstances.  
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The p o s s i b i l i t y  of n u l l  t h r u s t  

T(O+) = 0 (4.1.14) 

f o r  t h e  i n i t i a l  c o n t r o l  w i l l  not be considered s i n c e  t h e  

s t a t e  would remain unchanged. S t a r t i n g  with maximum 

t h r u s t  it i s  seen from equat ion (4.1.7) with H ( 0 )  = 0 

(to be shown) tha t  

(4.1.15) 

I n  order  to 

t ime, 

The 

t y p i c a l  s e t  

imurn p o i n t s  

i n g  c o n t r o l  

f o r  Xv > 1, 

be a s e r i e s  

maintain T = T a t  t h e  next i n s t a n t  of max 

Xv(0) = hv0j a p o s i t i v e  constant  (4.1.16) 

func t ion  X v  i s  shown i n  Figure LC.2 f o r  a 

of parameters.  Note t h a t  t h e  envelope of max- 

i s  asymptot ica l ly  inc reas ing .  The correspond- 

i s  shown i n  Figure 4.2b. Notice tha t  T = Tmax 

and T = 0 f o r  X, < 1. 

of t h r u s t i n g  i n t e r v a l s  separa ted  by coas t ing  

The c o n t r o l  i s  seen to 

o r  n u l l  t h r u s t  i n t e r v a l s .  Each t h r u s t i n g  i n t e r v a l  i s  

longer than  t h e  previous one. However, s ince  t h e  per iod 

P of 1, i s  f i x e d ,  no t h r u s t i n g  i n t e r v a l  can be longer 

than  t h e  P/2. The t r a n s v e r s a l i t y  condi t ions  r e q u i r e  t h a t  

h f  = o  (4.1.17) 

irf = 0 .  (4.1.18) 
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The former condi t ion  i s  t h e  cu tof f  cond i t ion  and t h e  l a t -  

t e r  *condition r equ i r e s  tha t  H = 0 throughout.  I f  t hese  

condi t ions a r e  s a t i s f i e d ,  equat ion (4.1.7) gives  

(4.. 1.19) 

Since X 

equation (4.1.11) t h a t  

= 0 by equat ion (4-1.l7), it can be seen from 
V f  

Ff = 0 (4.1.20) 

Since Xvf  i s  always negat ive ( see  Figure 4.2), equations 

(4.1.1'7) and (4.1.9)  determine t h a t  Xxf # 0.  

equations (4 .1 .19)  and (4.1.20) r equ i r e  t ha t  

Thu-s, 

Vf = 0 (4 1 e 21) 

Although a n a l y t i c  s o l u t i o n s  can be obtained, t h e  

eva lua t ion  of t h e  boundary condi t ions becomes ted ious  f o r  

so lu t ions  w i t h  mu l t ip l e  t h r u s t i n g  i n t e r v a l s .  The na tu re  

of t h e  so lu t ions  i s  e a s i l y  observed wi th  t h e  a i d  of 

numerical  i n t e g r a t i o n .  A parametric f looding  technique 

( see  s e c t i o n  3.1.1) i s  p r a c t i c a l ,  s i n c e  s o l u t i o n  curves 

are members of a one parameter family of curves w i t h  

parameter X x o ,  o r  equiva len t ly ,  kvo. 

s i b l e  so lu t ions  can be generated by continuously varying 

Tha-t i s ,  a l l  pos- 

Avo from 0 to f- 03. 

With a value chosen f o r  A V O ,  d i f f e r e n t i a l  equa- 

t i o n s  (4 .1 .1) ,  (4.1.2), (4 .1 .9)  and (4.1.10) a r e  
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i n t e g r a t e d  u n t i l  one of t h e  zeros of t h e  cu tof f  func t ion ,  

equat ion (4.1.l7), i s  encountered. As  descr ibed i n  sec- 

t i o n  1.3.14, t h e  zeros of t h e  cuto.?f func t ion  represent  

po in t s  s a t i s f y i n g  t h e  t r a n s v e r s a l i t y  condi t ions .  

Since v i s  obviously a pe r iod ic  func t ion  f o r  

c2 - 4k < 0, equat ion (4.1.21) impl ies  tha t  t h e  cu to f f  

f u n c t i o n  i s  s a t i s f i e d  during each per iod  of o s c i l l a t i o n .  

Since a t h r u s t i n g  i n t e r v a l  occurs during each per iod ,  

s o l u t i o n s  e x i s t  w i t h  any number of t h r u s t i n g  pe r iods .  

The ex is tence  of mul t ip le  s t a t i o n a r y  s o l u t i o n s  

i s  easy t o  observe.  L i m i t s  e x i s t  on t h e  range of pos i -  

t i v e  he ights  t h a t  may be reached by a s o l u t i o n  w i t h  any 

s p e c i f i e d  number of t h r u s t i n g  i n t e r v a l s .  For a s o l u t i o n  

w i t h  two t h r u s t i n g  i n t e r v a l s ,  the  minimum spec i f i ed  

height  which can be opt imal ly  reached may be found by 

s e t t i n g  A v o  = E: and numerical1.y i n t e g r a t i n g  u n t i l  t h e  

t h i r d  zero of t h e  cutoff func t ion  A, occurs.  

s een  from Figure 4.2 t h a t  as E: approaches 0, the length  of  

It can be 

t h e  f i r s t  t h r u s t i n g  i n t e r v a l  approaches 0 .  On t h e  o the r  

hand, as A v o  approaches + a ,  t h e  l eng th  of t h e  i n i t i a l  

t h r u s t i n g  per iod  approaches P/2, the  maximum al lowable.  

I n  t h i s  way t h e  range of achievable  p o s i t i v e  he igh t s  can 

be computed. 

Figure 4.3 shows t h e  range of he ights  which can 

be reached f o r  s o l u t i o n s  w i t h  up t o  se-ven t h r u s t i n g  
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i n t e r v a l s .  Note that  a l l  he ights  between .13 f t .  and 

some maximum a t t a i n a b l e  he ight  can be reached i n  more than  

one way. Heights between .41 and 1.99 f t .  can be reached 

by so lu t ions  w i t h  one, t w o ,  or t h r e e  t h r u s t i n g  per iods .  

Each of t hese  so lu t ions  i s  a s ta - t ionary  s o l u t i o n  s a t i s f y -  

i n g  t h e  f i r s t  t h r e e  necessary condi t ions of s e c t i o n  1 . 2 .  

Here i s  a c l e a r  case of mul t ip l e  s t a t i o n a r y  s o l u t i o n s .  

The number of s t a t i o n a r y  so lu t ions  to a given he ight  

i nc reases  as t h e  given he ight  i nc reases .  From Figure 

4.3 i t  can be seen tha t  a he ight  of 5.77 f t .  can be 

reached with from t h r e e  to seven t h r u s t i n g  i n t e r v a l s .  

Although each of t hese  sol.utions s a t i s f i e s  neces- 

s a r y  condi t ions f o r  op t imal i ty ,  Figure 4 .4  shows t h a t  

t h e  e f f o r t  required to ach5.eve a given height  i s  d i f f e r -  

e n t  f o r  each mode of t r a n s f e r .  Only one g loba l  optimum 

e x i s t s  i n  each case .  To reach a he ight  of 5.77 f t .  

r equ i r e s  an  e f f o r t  of 9.42 lbf-sec.  us ing  t h r e e  t h r u s t i n g  

i n t e r v a l s .  

t h e  e f f o r t  can be reduced to 8.36  lbf -sec .  

i n g  i n t e r v a l s  r equ i r e s  a n  e f f o r t  of 8.80 lbf-see.  

E5y us ing  t h e  opt imal  four  t h r u s t i n g  i n t e r v a l s ,  

Five t h r u s t -  

Although not  v e r i f i e d  a n a l y t i c a l l y ,  it i s  evident  

t h a t  each s o l u t i o n  t o  a given height  sa t i s f ies  t h e  end- 

p o i n t  su f f i c i ency  condi t ion  developed i n  Chapter 2 .  

T h a t  i s ,  each s o l u t i o n  represents  a l o c a l  minimum of 

e f f o r t  w i t h  r e spec t  t o  s m a l l  v a r i a t i o n s  i n  the  f i n a l  
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v e l o c i t y .  T h i s  conclusion may be drawn from energy con- 

s i d e r a t i o n s ,  From a n  energy s tandpoin t ,  t h e  o s c i l l a t o r  

w i l l  g a in  t h e  maximum amount of energy by cen te r ing  each 

t h r u s t i n g  per iod  about t h e  maximum p o s i t i v e  o s c i l l a t o r  

v e l o c i t y .  Therefore,  if t h e  length  of each t h r u s t i n g  

per iod  i s  f i x e d  a t  t h e  optimum value,  bu t  t h e  t ime of 

t h r u s t  i n i t i a t i o n  i s  changed s l i g h t l y ,  t h e  o s c i l l a t o r  

w i l l  g a i n  l e s s  t h a n  optimum energy from each thrust and 

consequently a t t a i n  a less than  optimum he igh t .  

Without f u r t h e r  su f f i c i ency  condi t ions,  no c r i -  

t e r i a  e x i s t  f o r  s e l e c t i n g  t h e  g loba l  minimum f o r  t h i s  prob- 

lem. There seems to be l i t t l e  hope for the  development 

of g loba l  suffici .eney condi t ions from t h e  calcul-us of 

v a r i a t i o n s  i n  i t s  cu-rrent formulation. The reason f o r  

t h i s  i s  apparent .  The necessary and s u f f i c i e n t  condi t ions 

t h a t  have been developed to da te  are e f f e c t i v e  only i n  

determining t r a j e c t o r i e s  which a r e  l o c a l  optimums. That 

i s ,  only s m a l l  v a r i a t i o n s  i n  t h e  s t a t e  v a r i a b l e  t r a j e c -  

t o r y  are considered. It i s  c l e a r  t h a t  t h e  s t a t e  t r a j e c -  

tory for a two t h r u s t  c o n t r o l  program i s  not a s m a l l  

v a r i a t i o n  from t h e  s t a t e  t r a j e c t o r y  f o r  a s i n g l e  t h r u s t  

program. 

R e f  e r r i n g  to s i m i l a r  mu l t ip l e  t h r u s t i n g  impulses 

involved i n  opt imal  o r b i t a l  t r a n s f e r s ,  D. F. Lawden (1963, 

pp . 112-114) concludes t h e  fol lowing : 



. . . t h e  condi t ions  we have found f o r  an  
optimal t r a j e c t o r y  serve  only to i d e n t i f y  
maneuvers which a r e  optimal r e l a t i v e  to s m a l l  
v a r i a t i o n s  of t h e  t h r u s t  program. T h i s  impl ies  
t h a t  a number of such opt imal  t r a j e c t o r i e s  may 
be a v a i l a b l e  i n  any p a r t i c u l a r  case  and we have 
no c r i t e r i o n ,  o t h e r  than  d i r e c t  comparison of 
t h e  c ha rae t  e r i  s t i c  v e l o c i t i e s  [ performance index] 
of each, f o r  deciding which r ep resen t s  t h e  ab- 
s o l u t e  optimal mode of transfer . . . . 
s a t i s f y i n g  a l l  of t h e  [necessary]  condi t ions  may 
a l s o  be found and these ,  a l s o ,  w i l l  r epresent  
r e l a t i v e  optima. It i s  c l e a r  that t h e  theory ,  i n  
i t s  p re sen t  s t a t e ,  r equ i r e s  that  we should f i r s t  
choose the  o rde r  i n  which t h e  var ious  t h r u s t  
phases sha l l  succeed one another ,  and our [neces- 
s a ry ]  condi t ions  w i l l  t hen  s e l e c t  t h e  r e l a t i v e  
opt ima f r o m  t h e  c l a s s  of a l l  programs f o r  which 
t h e  t h r u s t  sequence f o l l o w s  t h e  chosen p a t t e r n .  
No c r i t e r i a  i s  known f o r  which t h e  optimal p a t -  
t e r n  can be a sce r t a ined  beforehand. 

. . modes employing two or more impulses and 



CI-IAPTER 5 

AN OPTIMAL ORBITAL MECHANICS PROBLEM 

T h i s  chapter  considers  t h e  problem of t r a n s f e r -  

r i n g  a low t h r u s t  space veh ic l e  from an  i n i t i a l  c i r c u l a r  

o r b i t  to any coplanar e l l i p t i c  o r b i t  of given energy and 

angular momentum. The problem i s  to determine t h e  t h r u s t  

program so  as to minimize 

%f 
J = T ( t )  d t  

where T ( t )  i s  t h e  magnitude of t h e  t h r u s t .  A t y p i c a l  

t r a n s f e r  i s  shown i n  Figure 5.1. The f i n a l  argument of 

p e r i a p s i s  w t h e  f i n a l  t r u e  anomoly qf, t h e  f i n a l  range f ’  

angle f f ,  and t h e  f i n a l  t ime tf are a l l  unspecif ied and 

considered f r e e .  For such t r a n s f e r s  from a n  i n i t i a l  

c i r c u l a r  o r b i t ,  t h e  o r i e n t a t i o n  of t h e  f i n a l  o r b i t  i s  of 

no concern, s ince  once wf i s  known, any des i red  o r i en ta -  

t i o n  can be opt imal ly  achieved by simply coas t ing  i n  t h e  

i n i t i a l  c i r c u l a r  o r b i t  f o r  an appropr ia te  per iod of t ime. 

Rany i n v e s t i g a t o r s  have Lurned t h e i r  a t t e n t i o n  

t o  optimal o r b i t a l  t r a n s f e r s  i n  t h e  p a s t  two decades. 

B e l l  (1968) gives  an  exce l l en t  survey of problems which 

have been inves t iga t ed ,  inc luding  a bibl iography w i t h  

108 



Fig .  5.1 Typical  O r b i t a l  Transfer  
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160 e n t r i e s .  Recent i n v e s t i g a t i o n s  concernin 

mum f u e l  problem have followed two d i s t i n c t  

I n  t h e  f i r s t  approach, s impl i fy ing  assu  

which a l l o w  a n a l y t i c a l  t reatment  of some problems. 

Lawden (1963), Robbins (1965), and o the r s  have 

a n a l y t i c a l l y  t r e a t e d  minimum f u e l  t r a n s f e r s  us ing  an 

impulsive approximation. McIntyre and Crocco (1966; 

1967) have examined minimum f u e l  t r a n s f e r s  between c i r c u -  

l a r  o r b i t s  under the  condi t ion  that  t h e  s e p a r a t i o n  of 

t h e  o r b i t s  i s  s m a l l  and have found a n a l y t i c  approximations 

e x h i b i t i n g  mul t ip l e  t h r u s t i n g  per iods .  

Problems concerning minimum f u e l  o r b i t a l  t r a n s -  

f e r s  w i t h  low t h r u s t  have u s u a l l y  been i n v e s t i g a t e d  

using a computational approach. Numerical s t u d i e s  of 

t h i s  problem have been made by McCue (1967),  Handelsman 

(1966), and McCue and Bender (1965), Both a n a l y t i c  and 

numeric i n v e s t i g a t i o n s  have cont r ibu ted  s u b s t a n t i a l l y  to 

the understanding of t h e  problem of minimum f u e l  o r b i t a l  

t r a n s f e r s .  

I n  t h e  f i r s t  s e c t i o n  of t h i s  chapter ,  t h i s  p a r t i c -  

u l a r  problem is  s e t  up and t h e  opt imiza t ion  condi t ions  

der ived.  An ins t ance  of mul t ip l e  s t a t i o n a r y  s o l u t i o n s  

not noted by previous i n v e s t i g a t o r s  i s  descr ibed i n  sec- 

t i o n  5 . 2 .  I n  s e c t i o n  5.3 t h e  endpoint s u f f i c i e n c y  condi- 

t i o n  f o r  t h i s  problem i s  descr ibed and t h e  computational 
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procedure for implementing it is discussed. In section 

5.4, several cases of multiple solutions are illustrated 
with trajectories in semi-major-axis-eccentricity space. 

The final section describes the general nature of the 

low thrust orbital transfers which were investigated. 

5.1 Analysis 

Using a natural coordinate system, the differen- 

tial equations governing the dynamics of a space vehicle 

shown in Figure 5.1 are 

( 5.1 .1.) 

v cos Q -I-- cos g sin x - __ * T  g = -  mv r v  
GM" 
2 r (5.14 

r = v sin g (5.1.3) 

T m = - -  
V e 

(5.1.4) 

cos g (5.1.5) * v  f = -  
r 

where 

v = velocity magnitude 

g = flight path angle (the angle from the local 

horizontal to the velocity vector) 

r = radial distance from the gravitational force 

center to the vehicle 

m = vehicle mass 

f = range angle (f(to) = 0) 
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x = t h r u s t  vec tor  control.  ang1.e ( t h e  angle  from 

t h e  v e l o c i t y  vec tor  to t h e  t h r u s t  v e c t o r )  

T = thrust magnitude 

G = un ive r sa l  g r a v i t a t i o n a l  cons tan t  

M* 2 mass of t h e  g r a v i t a t i o n a l  f o r c e  center ;  

constant  

v = engine exhaust v e l o c i t y ;  cons tan t  e 

I n  der iv ing  t h e  above equat ions,  only p lanar  

motion about a homogeneous, s p h e r i c a l l y  symmetric c e n t r a l  

body has been considered.  The veh ic l e  has been assumed 

to be a po in t  mass with mass much less than  tha t  of t h e  

g rav i t a t iona2  fo rce  c e n t e r .  I n  add i t ion ,  it i s  assumed. 

t h a t  t he  thrust magnitude i s  bounded by 

0 < T c f  Tmax (5.1.6) 

It i s  u s e f u l  to nondimensionalize equations 

(5.1.1) - (5.1.6) i n  order  to compare o r b i t a l  t r a n s f e r s  

about one c e n t r a l  body w i t h  those about another .  The 

non-dimensionalization i s  based upon t h e  energy of the 

i n i t i a l  o r b i t  Eo and va r i ab le s  a s soc ia t ed  w i t h  a c i r c u -  

lar o r b i t  having t h e  same energy. 

$%or t h i s  purpose def ine t h e  fol lowing cons t an t s  

GM*mo 
2E0 

- - 



EO GM* 

2Rc! 
E = - - - = - - -  c m  0 

h c = R v m  c c o  

(5.1.9) 

(5.1.10) 

(5.1.11) 

(5.1.12) 

where 

mo = initial vehicle mass 

a = acceleration constant 

h = angular momentum constant 
C 

C 

With these constants, the following nondimensional vari- 

ables are defined 

r R = - = nondimensional radius 
RC 

v 
v u = - = nondimensional velocity 

c 

7 ==- - - -=z  nondimensional time 
tc 

m 
M = - = z  nondimensional mass 

mO 

nondimensional thrust T 
n a o c  

F=--------= 

(5.1.13) 

( 5.1.14) 

( 5 1.15) 

(5.1.16) 

(5.1.17) 
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( 5.1.18) E 

E E = - = nondimensional energy 
C 

h = nondimensional angular  momentum (5.1.19) 

S u b s t i t u t i n g  equations (5.1.13) - (5.1*3.9) i n t o  t h e  sys- 

tem d i f f e r e n t i a l  equations y i e l d s  t h e  fol lowing 

s i o n a l  system equat ions:  

nondime n- 

U cos g 4- - cos  g 1 s i n  x - - 2 R u  R 
F 
MU 

g' = -- 

R' = u s i n  g 

f '  = - ; cos g 

(5.1.20) 

(5 .1.21)  

( 5.1.22)  

(5.1.23) 

(5.1.24.) 

where t h e  prime i n d i c a t e s  d i f f e r e n t i a t i o n  with r e spec t  t o  

t h e  nondimensional time 7 .  

The problem t o  be inves t iga t ed  then  i s  t h a t  of 

minimizing 
J = F dl-. (5  1 .25 )  

T O  

sub jec t  t o  d i f f e r e n t i a l  c o n s t r a i n t s  ( 5 * l . 2 0 )  - (5 .1 .24)  

and endpoint c o n s t r a i n t s  



u - 1 = o  
0 
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(5.1.26)  

CE = 0 1 2  1 
2uf Rf 

- - -  

(5 .1.27)  

(5.1.28) 

(5.1.29) 

(5  - 1.30)  

where CE and Ch a r e  cons t an t s .  

Cons t ra in ts  (5 .1 .26)  - (5 .1 .28)  spec i fy  an  i n i t i a l  c i r cu -  

lar  o r b i t .  

of t h e  f i n a l  orbit i s  to be CE and equat ion  (5.1.30) 

s p e c i f i e s  t h a t  t h e  angular  momentum of t h e  f i n a l  o r b i t  i s  

t o  be Ch .  

t h e  shape of f i n a l  orbit, but  not t h e  o r i e n t a t i o n .  

Equation (5.1.29)  s p e c i f i e s  t h a t  t h e  energy 

The f i n a l  energy and angular  momentum spec i fy  

To determine t h e  necessary condi t ions f o r  a mini- 

mum f u e l  o r b i t a l  t r a n s f e r ,  t h e  H and G fui ic t ions,  equa- 

t i o n s  (1.2.7) and ( 1 . 2 . 8 ) >  a r e  f i r s t  formed: 

U 
COS g + -  COS g] (5.1.31) 1 C" s i n  x - - 

R2u R -t- 'g Mu 
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Equation (5.1.2LI.) need not be included i n  H, s i n c e  f i s  

an a u x i l i a r y  v a r i a b l e  not d i r e c t l y  coupled t o  t h e  o the r  

equat ions.  The G func t ion  i s  

Constraints  (5.1.26) - (5.1.28) have not been included i n  

t h e  G func t ion ,  s i n c e  doing s o  would y i e l d  no u s e f u l  i n f o r -  

mation. Forming the  a d j o i n t  v a r i a b l e  Euler-Lagrange 

d i f f e r e n t i a l  equat ions,  equations ( 1 . 2 . 1 0 ) ,  y i e l d  

1 
R cos g - - cos g] F 1 [-T s i n  x - -- 

Mu R u  1; = x g  2 2  

3 s i n  g r -  cos g 1 - x g  [-2- - - xu R2 R u  

- xr u cos g 

s i n  x I_ c o s x - f - h  - 
M2 M2u 

1; = 

(5.1.33) 

(5.1.34) 

(5.1.35) 

(5.1.36) 

The c o n t r o l  v a r i a b l e  mler-Lagrange equat ion,  

equat ion (1 .2 .11)  f o r  c o n t r o l  x i s  

(5 * 1.37) 



For F f 0 equat ion (5.1.37) implies  

x /u 
s i n  x = 

and 

cos x = 

JG 
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(5 0 1 38) 

(5.1.39) 

Since t h e  second c o n t r o l  v a r i a b l e  F i s  bounded 
IT and appears l i n e a r l y  i n  FI, bang-bang" c o n t r o l  may be 

expected. The p o s s i b i l i t y  of s ingu la r  c o n t r o l  described 

by Lawden (1963, pp. 86-94) has been determined t o  be 

nonoptimal, i n  genera l ,  by Kelly,  Kopp, and Moyer (1967, 

pp. 92-100). Therefore,  t h e  case of t h e  switching func- 

t i o n  S E 0 i s  not considered he re .  By s u b s t i t u t i n g  

equations (5.1.38) and (5.1.39) i n t o  equat ion (5.1.31) 

and s impl i fy ing  t h e  term mul t ip ly ing  F, th.e t h r u s t  

switching func t ion  may be w r i t t e n  

The t h r u s t  c o n t r o l  may be w r i t t e n  as 

s > o  

F = O  S C O  

(5.1.40) 

( 5.1.41) 
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The t ransversal i ty  equat ions,  equations (1 .2 .12)  

- (1 .2.15) ,  y i e l d  

- w2Rfuf s i n  gf -3 X = 0 
gf (5.1.43) 

= o  'mf (5  f 1.45) 

Hf = 0 ( 5 ~ 4 6 )  

El imina t ing  p1 and. I J . ~  f rom equations (5.1.42) - (5*l.4&) 

y ie lds  

+ (kYfuf - T) s i n  gf = o 
Rf 

(5J.47) 

Using equations (5.1.47) and ( 5 . l . 3 l ) ,  i t  i s  observed 

tha t  condi t ion  (5.1.46) becomes 

(5.1.48) 
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Equations (5.1.&5),  (5.1.47) and (5.1.48) cons t i t u t e  a 

set of necessary condi t ions  which t h e  endpoints must 

sat isfy.  Comparing equation (5.1.40) t o  equation 

(5.1.48),  it i s  evident t h a t  poi-nts which qual i fy  as 

endpoints a l s o  q u a l i f y  as switching points f o r  the  t h r u s t  

magnitude c o n t r o l .  

Imposing condition (5.1.45) on equation (5.1.4-8) 

yields  a cu tof f  function. 

(5.1.49) 

The zeros  of t h i s  func t ion  determine p o i n t s  a t  which 

numerical i n t e g r a t i o n  may be terminated. S u b s t i t u t i n g  

t h e  op t ima l  thrust d i r e c t i o n  c o n t r o l  from equa-bTons 

(5.1.38) and (5.1.39) i n t o  the  nondimensionalized s ta te  

v a r i a b l e  d i f f e r e n t i a l  equat ions,  (5.1.20) - (5.3.23) and 

ad  j o i n t  var iab le  d i f f e r e n t i a l  equations, (5.1.33) - 

(5.1.36) gives 

- -  I s i n  g ( 5 . 1 3 0 )  

(5.1.51) 

R f  = u s i n  g (5-1.52) 

F 
U. 

M' = - 
e 

(5.1.53) 



x; = xg FXg -- - Mu D 2 2  R u. 
- XI, s i n  g 

x u  cos g 
1 ’  = -  - xg [+ - $1 s i n  g - x r  u cos g 
g R2 R u  

2hU s i n  g - x g  [A - ~] cos g x; =2- 
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( 5 .1.54- ) 

(5.1.55) 

(5.1.56) 

where 

The i n t e g r a t i o n  of’ t h i s  s e t  of equations sub jec t  

to equations (5.1.26) - (5 .1.30)  and (5.1.42) - (5.1.46) 

y i e l d s  t h e  des i r ed  o p t i m a l  t r a j e c t o r i e s .  

5 . 2  Existence of Mult iple  S ta t iona ry  Solut ions 

The problem posed i n  t h e  previous s e c t i o n  per-  

m i t s  t h e  ex is tence  of mul t ip l e  t h r u s t  s o l u t i o n s .  Mason 

(1967, pp. 49-70) has sh.own t h e  ex i s t ence  of two solu-  

t i o n s  to a problem as posed i n  s e c t i o n  5.1: one sol-u- 

t i o n  i s  cha rac t e r i zed  by a s i n g l e  continuous t h r u s t  to 

t h e  des i red  endpoint; a second so lu t ion ,  composed of two 

t h r u s t i n g  per iods separa ted  by a n u l l - t h r u s t  coas t ing  

a r c ,  reaches t h e  same endpoint w i t h  a d i f f e r e n t  
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performance index. Both so lu t ions  s a t i s f y  t h e  necessary 

condi t ions of t h e  ca lcu lus  of v a r i a t i o n s .  T h i s  type of 

mul t ip le  s t a t i o n a r y  s o l u t i o n  i s  similar to t h e  type of 

mul t ip le  s t a t i o n a r y  s o l u t i o n s  exhib i ted  by t h e  t h r u s t i n g  

harmonic o s c i l l a t o r  i n  Chapter 4 .  Because of t h i s  s i r f l i -  

l a r i t y ,  i t  i s  probable t h a t  both t h e  s i n g l e  t h r u s t  and 

the  t h r u s t - c o a s t - t h r u s t  t r a n s f e r s  satisfy t.he endpoint 

s u f f i c i e n c y  condi t ion  des-ccribed i n  Chapter 2. Veri f ica-  

t i o n  of t h i s  hypothesis i s  l e f t  to f u t u r e  i n v e s t i g a t i o n s .  

Several  o the r  i n v e s t i g a t o r s  have a l s o  observed optimal 

o r b i t a l  t r a n s f e r s  wi th  mul t ip le  t h r u s t i n g  per iods 

(McCue, 1967; Kandelsman: 1966; McIntyre and Crocco, 

3967) * 
The i n v e s t i g a t i o n  pursued i n  t h i s  chapter  w i l l  

i n s t ead  be l imi t ed  to o r b i t a l  t r a n s f e r s  w i t h  a s i n g l e  

t h r u s t i n g  per iod .  T h a t  i s  , t h r u s t  magnitude F i s  not 

considered to be a c o n t r o l ,  but  w i l l  be of f ixed  magni- 

tude f o r  t h e  e n t i r e  du ra t ion  of t h e  t r a n s f e r ,  i . e . ,  

* = Fmax to .f t c tf (5.2.1) 

If F i s  not a c o n t r o l ,  t h e  M equat ion,  equat ion (5.1.53) 

i s  no longer coupled to t h e  system of d i f f e r e n t i a l  equa- 

t i o n s  represented by equations (5 .  l. 50) - (5. l. 57) . 
Ins tead ,  M i s  a known func t ion  of t ime independent of 

u, g ,  R, and x. 
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(5 .2 .2 )  

Therefore t h e  M equat ion need. not be adjoined t o  t h e  SyS- 

tern through t h e  Lagrange m u l t i p l i e r  1,. 

i n  t h e  previous s e c t i o n  are e x p l i c i t l y  independent of 

t i m e  and w i l l  remain v a l i d  if 1, i s  s e t  t o  zero and M i s  

evaluated using equat ion ( 5 . 2 . 2 ) .  

All equations 

O p t i m a l  t r a j e c t o r i e s  s a t i s f y i n g  equat ion (5 .2 .1)  

a r e  determined by the  s i x  d i f f e r e n t i a l  equations (5 .1 .50) -  

(5 .1 .52) ,  and (5.1.54) - (5.1.56) sub jec t  to the  seven 

boundary condi t ions represented by equations (5.1.26)  - 
(5.1.30), (5.1.LC7) and (5.1.48). 

Throughout t h i s  chapter ,  o r b i t s  w i l l  be displayed 

as po in t s  i n  a plane having coordinates  of nondimensional 

semimajor axis  A and. e c c e n t r i c i t y  e .  Except f o r  t h e  

sense of t h e  angular momentum vec tor ,  t h e r e  i s  a unique 

mapping between t h e  va r i ab le s  E and h,  whose f i n a l  V a l -  

ues have been s p e c i f i e d  and t h e  v a r i a b l e s  A and e .  The 

r e l a t i o n s h i p s  a r e  given below 

(5.2.6)  

(5 .2 .7)  

1 
2E 

e2 = 1 - 2Eh 

A = - - -  

2 

Here A i s  t h e  nondimensional semimajor a x i s .  The non- 

dimensional va r i ab le s  E and h a r e  defined by equations 

(5.3.18) and (5.1.19). 
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Before a s o l u t i o n  to t h e  boundary value problem 

was attempted, t h e  method of f looding  described i n  sec- 

t i o n  3 . l w a s  used to generate  a locus  of opt imal  end- 

po in t s  i n  A-e space.  To g ive  phys ica l  s ign i f i cance  to 

t h e  requi red  i n i t i a l  guesses,  t h e  fol lowing 

were der ived f o r  a f i x e d  mass veh ic l e  which 

i n i t i a l  unknown Lagrange m u l t i p l i e r s  to t h e  

of t h e  c o n t r o l  angle xo and i t s  de r iva t ive  

x = cos x uo 0 

= uo sin 0 

0 s i n  x - u 1 [ Fmax 0 
I - 

'ro u cos (go 4- xo) 0 
fl 

e quat ions 

r e l a t e  t h e  

i n i t i a l  value 

(5.2.3) 

(5.2.4) 

x:, (5.2.5) 

The f i r s t  two of t hese  r e l a t i o n s  r e s u l t  from t h e  c o n t r o l  

Euler-Lagrange equat ion (5.1.371, t h e  i n i t i a l  condi t ions 

and t h e  f a c t  that  Bo = 0.  

from t h e  i m p l i c i t  d i f f e r e n t i a t i o n  of t h e  con.tro1 v a r i a b l e  

Euler-Lagrange equat ion and subsequent e l imina t ion  of t h e  

The l a s t  equat ion r e s u l t s  

r e s u l t i n g  t ime d e r i v a t i v e s  using t h e  s t a t e  and a d j o i n t  

d i f f e r e n t i a l  equat ions.  

Figure 5.2 disp lays  t h e  locus of optimal end- 

p o i n t s  reached by i n i t i a t i n g  i n t e g r a t i o n  with xo = 4' 
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and varying values  of xh. 

f i g u r e  a r e  semimajor a x i s  and e c c e n t r i c i t y .  Each poin t  

on t h e  locus w a s  determined by te rmina t ing  i n t e g r a t i o n  

when t h e  f i r s t  zero of t h e  cutoff  func t ion  (5.1.49) w a s  

encountered. 

value,  t h e  f i n a l  po in t  of t h e  t r a j e c t o r y  moved continu- 

ous ly  forming the  locus curve OABC. Writh a f u r t h e r  

i nc rease  i n  x i  t h e  locus w a s  generated. from C to D pass- 

The coordinates  used i n  t h e  

A s  x i  w a s  increased. from a given i n i t i a l  

0 

i n g  a second time throu.gh poin t  A.  A s t i1 . l  f u r t h e r  

i nc rease  x; r e s u l t e d  Tn a jump from D to E and then  a 

continuous r e t u r n  to 0 along curve EO. The f a c t ' t h a t  

the locus of opt imalendpoints  i n t e r s e c t s  i t s e l f  a t  A 

i n d i c a t e s  t ha t  two s o l u t j o n s  e x i s t  to poin t  A. 

The m u l t i p l i c i t y  of so lu t ions  i s  compounded i f  a 

second locus of opt imal  endpoint f o r  xo r= 16O i s  super- 

imposed on t h e  one f o r  xo = 4-O as shown i n  Figure 5.3. 

The movement of t h e  opt imal  f i n a l  po in t  along t h e  xo = 

16 

f o r  t h e  xo = 4' case .  

i t s e l f ,  as d i d  t h e  4' locus ,  but  also i n t e r s e c t s  t h e  4 O  

locus i n  t h r e e  p l aces .  Since s i m i l a r  l o c i  e x i s t  f o r  a l l  

in te rmedia te  angles ,  4' - < xo - .= 16O, it i s  evident  t h a t  

a complete reg ion  of endpoint space e x i s t s  which can be 

reached by t w o  d i s t i n c t  

0 locus f o r  i nc reas ing  x; i s  similar t o  t h a t  described 

The 16O locus not only i n t e r s e c t s  

I1  optimal" t r a j e c t o r i e s .  
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5.3 Computational Procedures 

The endpoint su f f i c i ency  t e s t  developed i n  Chap- 

t e r  2 w a s  appl ied  to t h e  case  of mul t ip l e  s t a t i o n a r y  

so lu t ions  descr ibed i n  the previous s e c t i o n .  Since t h e  

nonl inear  d i f f e r e n t i - a l e q u a t i o n s  descr ib ing  t h e  o r b i t a l  

t r a n s f e r  problem can not  be i n t e g r a t e d  a n a l y t i c a l l y ,  

r e s o r t  must be made t o  t h e  numerical  algorithm prescr ibed 

for such cases  by s e c t i o n  2 .6 .  T h i s  numerical algorithm 

assumes t h e  use r  has t h e  c a p a b i l i t y  of so lv ing  two-point 

boundary value problems. Chapter 3 has set f o r t h  a 

method f o r  so lv ing  such problems , complete w i t h  Cietailed- 

references to a l l i e d  computer programs l i s t e d  i n  Appen- 

d i x  B. It remains f o r  t h i s  s e c t i o n  t o  descr ibe  i n  d e t a i l  

programs designed to implement t h e  num.erica1 algori thm 

proposed i n  s e c t i o n  2.6.  I n  add i t ion ,  t h e  o v e r a l l  

computational scheme f o r  determining minimum f u e l  orb i -  

t a l  t r a n s f e r s  w i l l  be ou t l ined ,  thus completing the 

d e s c r i p t i o n  of programs contained i n  Appendix €3. 

5.3.1 The Endpoint -- Suff ic iency  Condition. The 

endpoint su f f i c i ency  condi t ion  i s  given by equat ion 

(2.3.5). 
sented by t h e  e igh t  v a r i a b l e s  (uo~go,Ro,~,,uf,gf,Rf,~f). 

The endpoint c o n s t r a i n t s  a r e  represented by equations 

(5.1.26) - (5.1.30), and the  fol lowing c o n s t r a i n t  on 

t h e  i n i t i a l  t ime: 

I n  t h i s  case  t h e  gene ra l  endpoint i s  repre-  
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( 5 . 3 4  

Since t h e r e  a r e  s i x  equations involving t h e  e igh t  end- 

po in t  v a r i a b l e s ,  t h e r e  a r e  two degrees of freedom. That 

i s  two endpoint va r i ab le s  involved i n  c o n s t r a i n t s  which 

r e l a t e  two o r  more endpoint va r i ab le s  ( n o n t r i v i a l  con- 

s t r a i n t s )  may be independently s p e c i f i e d ,  and t h e  o the r  

s i x  va r i ab le s  w i l l  then  be given by t h e  equations of 

c o n s t r a i n t .  Constraints  which f i x  an  endpoint coordinate  

simply r e s u l t  i n  a row of zeros i n  t h e  s2 matrix of equa- 

t i o n  ( 2 . 3 . 5 ) .  Therefore,  only t h e  two n o n t r i v i a l  con- 

s t r a i n t s ,  equations (5.1.29) and ( 5 . l . 3 0 ) ,  and t h e  non- 

and T~ w i l l  be considered gf9 rf f ixed’  coordinates  uf 

i n  t h e  fol lowing a n a l y s i s .  

A n y  two of t hese  va r i ab le s  can be se l ec t ed  as 

t h e  independent v a r i a b l e s .  

are chosen as t h e  independent v a r i a b l e s .  

For convenience, rf and Tf 

I n  terms of the  no ta t ion  of s e c t i o n  2.3, t he  

p e r t i n e n t  r e l a t i o n s  a r e  

f U 

gf 

f U 

gf 
Rf 

Tf 

(5.3.2) 



However, as w a s  t h e  case i n  t h e  example of s e c t i o n  2.5,  

1 
2 

Rf 

f u cos g av= - 
f 

J-* need not  be considered t o  be a func t ion  of T ~ ,  s i n c e  

a c t u a l  i n t e g r a t i o n  of t h e  Euler-Lagrange equations pro- 

(5.3.4) 

vides  a r e l a t i o n s h i p  between T and t h e  o t h e r  f i n a l  po in t  

v a r i a b l e s .  
f 

Hence - v and - r can be w r i t t e n  more simply as 

(5.3.3)  

and f i n a l l y  

1 
2 

Uf Rf 

(5.3.6) 



Following the  form of equat ion (2 .3 .10)  the  matrix 

can be w r i t t e n  as  t h e  sum of t h e  fol lowing t w o  
L - -J 
matrices  

(5.3.7) 

where h-f = ( A u f . ’  A g f >  A r f )  

The above form w i l l  always r e s u l t  f o r  problems 

w i t h  f ixed  i n i t i a l  coord ina tes  which can be w r i t t e n  s o  

t h a t  J* i s  not a func t ion  of t f .  

t i o n  (5.3.7) can be determined from equat ion (5.1.32) 

The f i r s t  term i n  equa- 

y i e ld ing ,  

I - l l  - W2Rf s i n  gf v2 CQS gf 

- p u s i n  gf - P2R-f s i n  gf - v2Rfuf COS gf 2 
a2C; - - 
33-F - -  

21-1 1 

(5.3.8) 

c12 cos g f 2 f -F - IJ- u s i n  g 

The va r i ab le s  p1 and p2 i n  t h e  above expression a r e  de t e r -  

mined from equat ions (5.1.42) and (5.1.43) g iv ing  
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(5 .3 .10)  

The second term of equation (5.3.7) i s  determined by corn- 

p u t a t i o n a l  procedure explained i n  connection with equa- 

t i o n  ( 2 . 6 . 9 ) .  

elements of f l f .  
I n  t h i s  case  Mf r ep resen t s  one of t h e  

The computational procedure i s  as fol lows:  

(1) The endpoint su f f i c i ency  t e s t  i s  i n i t i a t e d  by 

a c a l l  f o r  subrout ine FOCAL. A t  t h i s  time 

matrix XOLD conta ins  t h e  time h i s t o r y  of a 

t r a j e c t o r y  to t h e  endpoint which i s  to be 

t e s t e d .  

(2 )  Subroutine FOCAL immediately c a l l s  subrout ine 

CONSTRT. This subrout ine used t h e  nominal 

f i n a l  po in t  values  r-X- from XOLD to evalua te  

6a from equat ion (5.3.6) and f rom equa- 

t i o n s  (5.3.8),  (5.3.9) and ( 5 . 3 . 1 0 ) .  These 

-f 

values a r e  re turned to subrout ine FOCAL. 

(3) Subroutine FOCAL then  eva lua tes  t h e  matrix 

i n  accordance with equat ion ( 2 . 6 . 9 ) .  a A  -f 
-f ar 

(4) Subroutine FOCAL then  computes 

equat ion (5.3.7) and determines i f  it i s  

p o s i t i v e  d e f i n i t e .  If t h e  mat r ix  i s  p o s i t i v e  



d e f i n i t e ,  t h e  endpoint being t e s t e d  r ep resen t s  

a l o c a l  minimum. 

i n  s t e p  3 r equ i r e s  t h e  s o l u t i o n  of a 4  To eva lua te  

t h r e e  two-point boundary va lue  problems. For example, 

to determine 

making a s m a l l  change A i n  u;. 

new endpoint having f ixed  f i n a l  s t a t e  coordinates  must 

-f 

a A  

‘uu, 
-‘ , a new f i n a l  po in t  i s  determined by 

An o p t i m a l  pa th  to t h i s  

now be determined.. The o r i g i n a l  boundary value problem 

involved t h e  v a r i a b l e  boundaries of equations (5. 1 .29)  

and (5.1.30) and t h e  r e s u l t i n g  t r a n s v e r s a l i t y  equations 

(5.1.47) and (5.1.48).  For t h e  new problem t h e  f i n a l  

po in t  c o n s t r a i n t s  a r e  

u = c1 f (5.3.11) 

gf = e* (5 .3.12)  

W i t h  t he se  c o n s t r a i n t s  t h e  only u s e f u l  r e l a t i o n  given by 

t h e  t r a n s v e r s a l i t y  condi t ions  i s  

H = O  ( 5 .3 . l4-) f 

Both t h e  o r i g i n a l  two-point boundary value prob- 

lem and t h e  new problem can be solved us ing  the same 

subrout ine QUASI. T h i s  i s  due to t h e  f a c t  t ha t  QUASI 
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does not d i r e c t l y  determine t h e  i n i t i a l  value updates 

f rom the  boundary condi t ions .  Ins tead ,  QUASI c a l l s  a 

sepa ra t e  subrout ine t o  handle t h i s  job .  Since t h i s  sep- 

a r a t e  subrout ine i s  a n  argument of subrout ine QUASI, 

subrout ine QUASI can be executed us ing  any one of s e v e r a l  

d i f f e r e n t  subrout ines  to handle d i f f e r i n g  s e t s  of bound- 

a r y  condi t ions .  The subrout ine which handles t h e  o r ig -  

i n a l  v a r i a b l e  f i n a l  po in t  problem i s  named BOUND. The 

subrout ine which handles t h e  f i x e d  boundary values of 

equations (5.3.11) - (5.3.14) i s  named FIXED. 

I n  the  example, an optimal pa th  t o  t he  new end- 

poin t  i s  determined by c a l l i n g  Q U A S I  w i t h  subrout ine 

FIXED as an  argument an.d with c1 = u-~- + A ,  c2 = gE and 

c3 = RF. QUASI r e t u r n s  t h e  new s o l u t i o n  t o  FOCAL as a 

time h i s t o r y  contained i n  mat r ix  XOLD. Using t h e  f i n a l  

values  of t h e  Lagrange m u l t i p l i e r s  f rom XOLD, t h e  par -  

t i a l  d e r i v a t i v e s  a can be computed d i r e c t l y  us ing  

equat ion (2 .6 .9 ) .  

puted i n  similar f a sh ion .  Subroutines FOCAL, CONSTRT, 

FIXED and BOUND a r e  l i s t e d  i n  Appendix B. 

f 

[a$ -J a r e  com- The o the r  t w o  rows of  
[ 3 

5.3.2 The Overal l  Computational Scheme. The 

s o l u t i o n s  t o  s p e c i f i c  two-point boundary value problems 

exhib i ted  i n  t h e  next two sec t ions  were found fol lowing 

t h e  genera l  computational o u t l i n e  given below. 



134 

(1) Generate an i n i t i a l  s o l u t i o n  es t imate  by i n t e -  

g r a t i n g  forward t h e  nonl inear  equations us ing  

the known i n i t i a l  values  and es t imates  f o r  

unknown i n i t i a l  va lues .  The purpose of t h i s  

i n t e g r a t i o n  i s  to determine an es t imate  of t h e  

f i n a l  t ime.  

(2 )  With t h e  f i n a l  time known, it i s  poss ib l e  t o  

regenera te  t h e  i n i t i a l  s o l u t i o n  by i n t e g r a t i o n  

with f i x e d  s t e p  l eng th .  The s o l u t i o n  i s  simul- 

taneously s t o r e d  i n  t h e  mat r ix  XOLD a t  f i x e d  

equal  increments i n  t ime, as required by sub- 

r o u t i n e  QUASI .  

Solve t h e  two-point boundary va lue  problem 

us ing  subrout ine QUASI .  

( 3 )  

(4) If i t  i s  des i r ed ,  determine i f  t h e  r e s u l t i n g  

s o l u t i o n  s a t i s f i e s  t h e  endpoint s u f f i c i e n c y  

cond i t ion  us ing  subrout ine FOCAL. 

Verify t h e  s o l u t i o n  determined by Q U A S I  by i n t e -  

g r a t i n g  t h e  nonl inear  equations w i t h  t h e  i n i t i a l  

values  found by subrout ine QUASI .  

If o the r  s o l u t i o n s  a r e  t o  be found to end- 

po in t s  near  t h e  s o l u t i o n  j u s t  determined, use 

the s o l u t i o n  J u s t  determined as t h e  i n i t i a l  

s o l u t i o n  e s t ima te  and r e t u r n  t o  s t e p  3. If 

not ,  r e t u r n  t o  s t e p  1 t o  so lve  a new problem. 

(5) 

(6) 
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Program SPACE, t h e  f i r s t  program i n  Appendix B, fol lows 

t h e  above o u t l i n e .  

5.4 Example - 

I n  t h e  course of t h e  fol lowing d iscuss ions ,  r e f -  

erence w i l l  o f t e n  be made to a c t u a l  o r b i t a l  t r a n s f e r s  

such as t h e  one shown i n  Figure 5.4.  The i n t e r p r e t a t i o n  

of t h e s e  f i g u r e s  w i l l  be a ided by t h e  fol lowing conven- 

t i o n s  : 

(1) The i n i t i a l  o r b i t  i s  a c i r c u l a r  o r b i t ;  i n i t i a l  

motion i n  t h i s  o r b i t  i s  counter-c1ockwis.e. 

(2)  Shor t  l i n e s  eminating Prom t h e  t r a n s f e r  t r a j e c -  

t o r y  a t  s e l e c t e d  p o i n t s  as shown i n  Figure 5.4 

i n d i c a t e  t h e  t r u e  d i r e c t i o n  of t h e  t h r u s t  vec- 

tor. The t a i l  of t h e  t h r u s t  vec to r  i s  always 

shown i n  contac t  w i t h  t h e  t r a n s f e r  t r a j e c t o r y .  

(3) The f i r s t  t h r u s t  vec to r  (proceeding i n  a counter- 

clockwise d i r e c t i o n )  on t h e  i n i t i a l  o r b i t  i n d i -  

c a t e s  t h e  po in t  of t h r u s t  i n i t i a t i o n .  The f i n a l  

t h r u s t  vec to r  i n d i c a t e s  t h e  po in t  o f  t h r u s t  

terminat  i on .  

Although t h e  t h r u s t  vec to r  i s  displayed a t  a 

f i n i t e  number of po in t s  a long t h e  t r a n s f e r  tra- 

j e c t o r y ,  t h e  veh ic l e  i s  t h r u s t i n g  continuously 

from t h e  po in t  of t h r u s t  i n i t i a t i o n  to t h e  point  

(4) 



Fig .  5.4 Optimal O r b i t a l  Transfer to A = 1.58 
and e = .11 (x = 160) 

0 
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of t h r u s t  t e rmina t ion .  Likewise t h e  t h r u s t  vec- 

tor r o t a t e s  i n  a continuous manner. The highly 

nonl inear  na tu re  of t h i s  r o t a t i o n  causes t h e  

o r i e n t a t i o n  of t h e  t h r u s t  vec to r  to change sud- 

denly a t  times as shown i n  Figure 5.4. 

(5) Motion i n  t h e  t e rmina l  o r b i t  i s  i n  a counter- 

clockwise d i r e c t i o n ,  except where noted other-  

wise.  

The computational procedure f o r  implementing t h e  

endpoint s u f f i c i e n c y  t e s t ,  as descr ibed i n  the  previous 

s e c t i o n ,  can be appl ied  t o  t h e  mul t ip l e  s t a t i o n a r y  solu-  

t i o n s  discussed i n  s e c t i o n  5 . 2 .  From Figure 5.3 it can 

be seen that  two s o l u t i o n s  e x i s t  t o  po in t  B. T h i s  po in t  

can be reached by s t a r t i n g  i n t e g r a t i o n  wi th  an i n i t i a l  

c o n t r o l  angle  of e i t h e r  4 O  or l6O. 

Using t h e  modified Newton-Raphson method f o r  

so lv ing  two-point boundary value problems (see  Chapter 3), 

two s o l u t i o n s  which terminated a t  a po in t  near  po in t  B 

were found. Both s o l u t i o n s  r e s u l t  i n  a f i n a l  nondimen- 

s i o n a l  semimajor a x i s  A of 1.58 and a f i n a l  e c c e n t r i c i t y  

e of .110. The f i r s t  t r a j e c t o r y  begins w i t h  an i n i t i a l  

angle  of approximately 16' (15.5@). 

f e r  i s  p i c tu red  i n  Figure 5.4. The t h r u s t  vec to r  con- 

trol angle  inc reases  f rom 16O to over 50° and t h e n  sud- 

denly decreases  r a p i d l y  to -76'. 

T h i s  o r b i t a l  t r a n s -  

The c o n t r o l  amgle then  
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slowly inc reases  to -36'. 

endpoint i s  given by u 

It i s  r e a d i l y  v e r i f i e d  t h a t  t h e s e  s t a t e s  correspond to 

Af = 1.58 and ef = .110. 

dure discussed i n  s e c t i o n  5.3, t h e  above endpoints were 

I n  t h i s  case t h e  s t a t e  space 
0 = .826, gf = 5.92 , and R = 1.52.  f f 

Using t h e  computa t iona lproce-  

found t o  s a t i s f y  t h e  endpoint s u f f i c i e n c y  t e s t .  

The second t r a j e c t o r y  i n i t i a t e d  t r a n s f e r  w i t h  

x = 4' (4.4'). 
5.5. I n  t h i s  case t h e  th rus t -vec to r  c o n t r o l  angle  

inc reases  slowly t o  approximately 80° and then  suddenly 

swings p a s t  180' to approximately -100'. 

angle  then  inc reases  a t  a slower r a t e  u n t i l  xf = -31'. 

Note that  t h e  t h r u s t  vec to r  has a c t u a l l y  been i n  a 

T h i s  o r b i t a l  t r a n s f e r  i s  shown i n  Figure 

The c o n t r o l  

r e t r o - f i r e "  p o s i t i o n  f o r  a s h o r t  per iod of time during 

t h i s  maneuver. The t r a j e c t o r y  te rmina tes  w i t h  t h e  f o l -  

lowing f i n a l  s t a t u s :  u 

1 .62 .  

and ef = .110. 

t o r y  and i t s  r e s u l t a n t  endpoints d o n o t  s a t i s f y  theendpo in t  

s u f f i c i e n c y  cond i t ions .  The corresponding t r a j e c t o r y  i s  

t h e r e f o r e  nonoptimal. I n  f a c t ,  t h e  above nominal end- 

p o i n t s  r ep resen t  a l o c a l  ma,ximum value f o r  t he  func- 

t i o n a l  J*. 

11 

0 = .773, gf = 6.10 , and Rf = 
f 

These s t a t e s ,  as before ,  correspond t o  Af = 1.58 

Numerical r e s u l t s  show that  t h i s  t r a j e c -  



Fig. 5.5 Nonoptimal Orbital Transfer to A = 1.58 
and e = .11 (xo = QO) 
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This fact was substantiated by computing neigh- 

boring stationary trajectories to fixed final points in 

the vicinity of the nominal final points. These a1 

points were chosen beforehand to correspond to Af = 1.58 

and ef = .110. 

tories had performance indices less than those of the 

In all cases these neighboring trajec- 

nominal trajectory. 

Since T = Tmax from = 0 until T = T ~ ,  the 

terminal time is proportional to the magnitude of the 

performance index J of equation (5.1.25). The value of 

is therefore a convenient measure of the performance Tf 
of a given maneuver. For the nonoptimal transfer 

initiated with xo = 4 , the value of T~ was found to be 

5.89. 
the value of T~ was 4.38. 

fore yields a performance index which is 25% less than 

0 

For the optimal transfer initiated with xo = 1609 

The optimal trajectory there- 

that for the nonoptimal trajectory. 

Figure 5.6 shows the trajectories in A-e space 

corresponding to the optimal and nonoptimal orbital 

transfers shown in Figures 5.4 and 5.5, respectively. 

A trajectory in A-e space should not be confused with 

the locus of optimal endpoints previously discussed. A 

trajectory in A-e space depicts the values of A and e 

which were attained during the progress of the transfer. 
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The loop i n  th.e nonoptimal t r a j e c t o r y  co r re -  

sponds to t h e  sudden r o t a t i o n  of t h r u s t  vec to r  to t h e  

r e t r o - f i r e  p o s i t i o n  as depicted i n  Figure 5.5. 

If t h e  t h r u s t  magnitude were an  allowable con- 

t r o l ,  t h i s  t r a n s f e r  would obviously be nonoptimal s i n c e  

t h e  t h r u s t  could then  be turned of f  a t  poin t  B i n  Figure 

5.5 and r e i g n i t e d  a t  a l a t e r  t ime.  Doing s o  would save 

a l l  t h e  e f f o r t  need le s s ly  expended t r a v e r s i n g  t h e  loop. 

It i s  i n t e r e s t i n g  t o  note that  t h e  argument of p e r i a p s i s  

f o r  %he nonoptimal f i n a l  o r b i t  (337 ) i s  a lmost  diamet- 

r i c a l l y  opposi te  t o  tha t  of o p t i m a l  f i n a l  o r b i t  {ll-g'), 

where p e r i a p s i s  i s  measured i n  a counter-clockwise 

d i r e c t i o n  f rom t h e  po in t  of t h r u s t  i n i t i a t i o n .  

0 

11 I n  terms of t h e  locus of opti.ma1" endpoi:n.ts 

shown i n  Figure 5.2, one endpoint on branch CD has been 

determined t o  be nonoptimal. The a p p l i c a t i o n  of t h e  

endpoint s u f f i c i e n c y  t e s t  to o the r  endpoints on branch 

CD has shown these  endpoints t o  be nonoptimal, whereas, 

o the r  endpoints on endpoint locus OABC have c o n s i s t e n t l y  

passed t h e  endpoint s u f f i c i e n c y  t e s t .  The t e s t  i s  inde- 

te rmina te  a t  po in t  C ,  s i n c e  t h i s  po in t  r ep resen t s  a 

f i n a l  c i r c u l a r  o r b i t  and s i n  gf = l - ufRf * = o i n  equa- 

t i o n  (5.3.6). 

Since similar r e s u l t s  have been observed f o r  

l o c i  generated w i t h  i n i t i a l  c o n t r o l  angles  o the r  t h a n  bo, 
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the above conclusions can be generalized to eliminate 

from consideration branches corresponding to branch CD. 

This generalization applies only if the locus of optimal 

endpoints exhibits the same qualitative characteristics 

as those shown in Figure 5.2. With such branches elim- 

inated from consideration, the multiplicity of solutions 

shown in Figure 5.3 disappears. 

A second example of multiple stationary solu- 

tions is illustrated in Figures 5.7 - 5.9. In this case 

the optimal trajectory shown in Figure 5.7 starts with 

x 

sional time units. The nonoptimal trajectory shown in 

Figure 5.8 initiates thrusting with xo = - 4.26' and has 

a thrusting period of' 7.50 nondimensional time units. 

The latter trajectory was numerically d-etermined to be 

nonoptimal through the use of the endpoint sufficiency 

condition. In this case the optimal trajectory has a 

performance index which is more than 20% less than that 

for nonoptimal transfer. The qualitative remarks per- 

taining to the first example also apply in this case. 

The main difference between these two examples is a com- 

= 3.53' and has a tkusting period of 6.10 nondimen- 
0 

putational one. Both trajectories in the first example 

were terminated when the first zero of the cvitoff func- 

tion was encountered. However, the nonoptimal trajectory 



Fig. 5.7 Optimal Orbital Transfer to A = 2.00 
and e = .10 (xo = 3.530) 



Fig. 5.8 Nonoptimal Orb i t a l  Transfer t o  
A = 2.00  and e = . l .O (x = -1-1.26) 

0 
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of the second example shown in Figure 5.8 was terminated 

when the second zero of the cutoff function was encoun- 

tered. 

The endpoint sufficiency test is an effective 

computational tool because it allows the rejection of 

certain nonoptimal solutions. When multiple solutions 

are encountered,the true optimal is easily distinguished 

via a direct comparison of the performance indices of 

the two solutions. Using the endpoint sufficiency test, 

a complete class of nonoptimal solutions can be discarded 

immediately upon encounter. Without the aid of the end- 

point sufficiency test an investigator has no indication 

that solutions he is generating are nonoptimal until he 

encounters multiple solutions. Hence, an overall sav- 

ings in computation time is realized by using the end- 

point sufficiency test since the amount of time wasted 

generating nonoptimal solutions is greatly reduced. 

As shown in section 1.3, multiple solutions can 

also arise if path sufficiency conditions are not met. 

As an example, Figures 5.10 - 5.12 summarize a case in 

which two orbital transfers exist to A = .835 and 

e = .270, both of which satisfy the endpoint sufficiency 

condition. The optimal transfer Initiates thrusting 

with x0 = 47', but eventually finishes the transfer with 

a period in which the thrust vector is in a retro-firing 



F i g .  5.10 A n  Optimal O r b i t a l  Transfer to A = .835 
and e = . 27O 



Fig. 5.11 A Nonoptirnal Orbital Transfer t o  
A 2 .835 and e = .270 which Satisfies 
Endporint Sufficiency Condition 
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position. The nonoptimal transfer is initiated with a 

retro-firing period followed by a period with a compon- 

ent of the thrust in the forward direction. The anti- 

symmetry of these two transfers is apparent from Figure 

5.12. In this case the optimal trajectory has been dis- 

tinguished from the nonoptimal trajectory by a direct 

comparison of performance indices. The optimal transfer 

is achieved with a thrust duration of 2.71 nondimensional 

time units, while the nonoptimal transfer requires 2.75 

time units. Future investigations can explore the possi- 

bility of eliminating multiple solutions of this 'type in 

a direct manner by implementing a path sufficiency test. 

5.5 Optimal Orbital Transfer Results 

This section presents further results concerning 

the minimum fuel orbital transfer problem described in 

section 5.1. The investigation was again restricted to 

problems in which the thrust magnitude was constant. In 

addition only a single set of space vehicle parameters 

were investigated. A nondimensional thrust F = ,06666667 

and an exhaust velocity ue = were used. The thrust 

was chosen to coincide with that used by Mason (1967). 

Rather than choose a single arbitrary value for the 

exhaust velocity, it was set equal to the limiting value 

of infinity. Using the modified Newton-Raphson method 

to solve the two-point boundary va.lue problem (see Chapter 



152 

3)  and t h e  endpoint s u f f i c i e n c y  t e s t  t o  a i d  i n  t h e  de te r -  

mination of t h e  t r u e  op t ima l i ty  of s o l u t i o n s ,  optimal 

t r a j e c t o r i e s  were computed. t o  o r b i t s  having a wide range 

of f i n a l  semi-major a x i s  and e c c e n t r i c i t i e s .  

F igure .5 .13  shows the  l o c i  of opt imal  endpoints 

determined f o r  var lous  i n i t i a l  th rus t -vec to r  c o n t r o l  

angles  xo. 

A s  mentioned e a r l i e r ,  var ious  regions of t h i s  endpoint 

space a r e  attaTned by te rmina t ing  the thrust a t  var ious 

zeros of t h e  cutoff  func t ion .  Figure 5.14 dep ic t s  

regions i n  which t h e  f i r s t ,  second, t h i r d ,  and f o u r t h  

zero have been used. Crosshatched a reas  i n d i c a t e  regions 

of unce r t a in ty .  F i n a l  o r b i t s  represented by po in t s  i n  

t h e  reg ion  labe led  1'' a r e  a t t a i n e d  by te rmina t ing  t h r u s t  

when t h e  f i r s t  zero of t h e  cu tof f  func t ion  i s  encoun- 

t e r ed .  F i n a l  o r b i t s  represented by po in t s  i n  regions 

labe led  2 are a t t a i n e d  by te rmina t ing  t h r u s t i n g  a f t e r  

the  second zero of the cu tof f  func t ion  has been encoun- 

tered.  S imi la r  s ta tements  can be made concerning t h e  

regions labe led  "3" and "4. ' I  

There a r e  no i n t e r s e c t i o n s  among these  l o c i .  

rl 

I f  I f  

Some of t hese  boundaries seem t o  have l i t t l e  

phys ica l  s ign i f i cance .  For example, a comparison between 

t r a j e c t o r i e s  i n  t h e  regions labe led  A and those i n  t h e  

reg ion  labe led  B shows t h e r e  t o  be no sudden d iscont in-  

u i t y  of any kind across  t he  boundary. The same i s  t r u e  
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f o r  t h e  boundary between regions C and D. T h i s  i s  not 

t r u e ,  however, f o r  t h e  boundary between regions B and C.  

This f a c t  i s  apparent from Figure 5.13. I n  t h i s  f i g u r e  

t h e  boundary between regions B and C l i e s  j u s t  above t h e  

l i n e  with p o s i t i v e  s lope  labe led  -26'. From Figure 5.13 

i t  i s  seen that t h e r e  i s  a jump i n  i n i t i a l  angle xo ac ross  

t h i s  boundary, v i z . ,  -32' to -26'. 

An explanat ion f o r  t h i s  jump i s  shown i n  FSgure 

5.15. Curve A shows t h e  cu to f f  func t ion  f o r  a t r a j e c -  

tory i n i t i a t e d  w i t h  xo = -32' and xo = .46. Thrusting 

i s  terminated a t  t he  second zero of t h i s  func t ion .  T h i s  

corresponds to an i n i t i a l  o r b i t a l  t r a n s f e r  to a po in t  a t  

t h e  end of  t h e  curve labe led  -32 i n  Figure 5.13. Curve 

B i n  Figure 5.15 shows t h e  cu tof f  f u n c t i o n  f o r  a t r a j e c -  

tory i n i t i a t e d  with xo = -32 

only a s l i g h t  change has been made i n  t h e  cu tof f  func- 

t i o n ,  t h e  second cu tof f  does not occur,  and t h e  cor re-  

sponding o r b i t a l  t r a n s f e r  i s  to a hyperbolic o r b i t .  

This accounts f o r  t h e  phys ica l  d i s c o n t i n u i t y  of o r b i t a l  

t r a n s f e r s  to po in t s  j u s t  on e i t h e r  s i d e  of t h e  boundary. 

0 and io = .44. Although 

Figure 5.16 dep ic t s  t h e  t r a n s f e r  time needed t o  

a t t a i n  an e n t i r e  range of var ious  f i n a l  o r b i t s .  The 

t r a n s f e r  time i s  p ropor t iona l  to t h e  performance index 

Of equat ion (5.1.25). 

major a.xis, t h i s  f i g u r e  shows it  i s  e a s i e r  to reach an  

To a t t a i n  a given f i n a l  semi- 
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o r b i t  with a n  in te rmedia te  e c c e n t r i c i t y  than  it i s  to 

reach a c i r c u l a r  o r b i t  or an  o r b i t  wi th  high eccen- 

t r i c i t y .  

locus of f i n a l  e c c e n t r i c i t i e s  a s soc ia t ed  with minimum 

e f f o r t  t r a n s f e r s  to any given semi-major a x i s  provided 

no c o n s t r a i n t  i s  placed on e c c e n t r i c i t y .  

The d-ashed l i n e  i n  Figure 5.16 rep resen t s  t h e  

Two fundamental p r i n c i p l e s  of astrodynamics can 

be v e r i f i e d  by observing Figure 5.17. T h i s  f i g u r e  p ic -  

t u r e s  an  o r b i t a l  t r a n s f e r  t o  a f i n a l  o r b i t  w i t h  a semi- 

major a x i s  of 1.5 and an e c c e n t r i c i t y  of .60. T h i s  i s  a 

t y p i c a l  o r b i t a l  t r a n s f e r  r equ i r ing  a s u b s t a n t i a l  change 

i n  both energy and angular  momentum. From t h e  f i g u r e  

it can be seen t h a t  the thrust vector  i s  e s s e n t i a l l y  

a l igned w i t h  t h e  v e l o c i t y  vec to r  during t h e  p o r t i o n  of 

t r a n s f e r  nea res t  t h e  c e n t e r  of a t t r a c t i o n .  It i s  w e l l  

known t h a t  a s m a l l  change i n  t h e  v e h i c l e ' s  k i n e t i c  energy 

i s  given by 

A E  = mv*Av d -  (5.5.1) 

Therefore,  the  energy of t h e  veh ic l e  i s  increased i n  t h e  

most economic f a sh ion  by t h r u s t i n g  i n  t h e  d i r e c t i o n  of 

t h e  veh ic l e  v e l o c i t y  when t h e  veh ic l e  v e l o c i t y  i s  a maxi- 

mum. For low t h r u s t  o r b i t s  t h i s  gene ra l ly  occurs a t  

po in t s  on t h e  t r a n s f e r  t r a j e c t o r y  nea res t  to t h e  c e n t e r  

a t t r a c t i o n .  I n  Figure 5.17 t he  space veh ic l e  i s  using 
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Fig. 5.17 A Typical Optimal Orbital 
Transfer and Fundamental 
Principles of Astrodynamics 
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i t s  t h r u s t i n g  c a p a b i l i t y  to b e s t  advantage by inc reas ing  

i t s  energy during t h e  i n i t i a l  p o r t i o n  of the orbit. 

Cn t h e  o the r  hand a change i n  angular  momentum 

i s  most economically accomplished by t h r u s t  perpendicu- 

l a r  to t h e  rad ius  vec to r  a t  t h e  l o c a l  apogee of t h e  

t r a n s f e r .  T h i s  i s  easi ly  seen from t h e  fol lowing equa- 

t ion  

Ah = m r  X Av - - - 
The prod.uct - r X Av - i s  maximized by t h r u s t i n g  i n  a d i r ec -  

t i o n  perpendicular  to t he  r ad ius  vec to r  a t  po in t s  a long 

t h e  t r a n s f e r  t r a j e c t o r y  a t  which r i s  a maximum. 

It w i l l  be seen l a t e r  that  a n  optimal maneuver 

f o r  making l a rge  changes i n  e c c e n t r i c i t y ,  but not i n  

energy, r equ i r e s  t ha t  the veh ic l e  f i r s t  make a l a r g e  

ga in  i n  energy. Then at l a r g e  r a d i i  t h e  e c c e n t r i c i t y  i s  

economically changed. 

t r a n s f e r  y i e l d i n g  an  extreme change i n  angular  momentum. 

In  f a c t ,  t h e  sense of t h e  angular  momentum vec to r  

reverses  during t h e  t r a n s f e r  and o r b i t a l  motion changes 

from counter-clockwise to clockwise.  

Figure 5.18 shows an  o r b i t a l  

Figures 5.19 - 5.21 i l l u s t r a t e  s e v e r a l  optimal 

o r b i t a l  t r a n s f e r s  to f i n a l  c i r c u l a r  o r b i t s .  The t r a n s -  

f e r  shown i n  Figure 5.19 i s  t y p i c a l  of optimal t r a n s f e r s  

t o  f i n a l  c i r c u l a r  'o rb i t s  w i t h  1 .0  > R > 1.98. 

t r a n s f e r s  a r e  chax-acterized by a sudden r o t a t i o n  of t he  

These 
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Fig.  5.18 An Optimal O r b i t a l  Transfer  
which Changes t h e  Sense of 
t h e  Angular Momentum Vector 
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Fig .  5.19 An O p t i m a l  O r b i t a l  Transfer  
t o  a C i rcu la r  O r b i t  of' 
Radius 1.25 



Fig. 5.20 An Opt imal  O r b i t a l  Transfer 
to a Circular  Orbi t  of 
Radius 3.00 
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t h r u s t  vec to r  through a r e t r o - f i r e  p o s i t i o n .  T h i s  o f t e n  

generates  loops i n  t h e  A-e space t r a j e c t o r i e s  ( see  

Figure 5.21) which have previously been a s soc ia t ed  w i t h  

nonoptimal t r a n s f e r s .  A s  previously mentioned, the  end- 

po in t  su f f i c i ency  condi t ion  i s  indeterminate  f o r  t r a n s -  

f e r s  to c i r c u l a r  o r b i t s .  Loops i n  A-e t r a j e c t o r i e s  m a y  

be a r e s u l t  of r equ i r ing  t h e  t h r u s t  magnitude to be con- 

s t a n t .  For near o r b i t  t r a n s f e r s  a Homan impulsive t r ans -  

f e r  (La.wden, 1963, pp. 106-110) proves to be more opt imal  

and one may conclude that  t h r u s t i n g  a t  intermediate  r a d i i  

i s  to be avoided under c e r t a i n  circumstances.  I n  a sense 

t h e  loop represents  a per iod i n  which the  t h r u s t  should 

be o f f .  

The t r a n s f e r  shown i n  Figure 5.20 i s  t y p i c a l  of 

optimal t r a n s f e r s  to c i r c u l a r  o r b i t s  w i t h  R > 2.00. I n  

these  cases  t h e  t h r u s t  vec to r  e x h i b i t s  a h ighly  nonl inear  

o s c i l l a t i o n  about x = 0, but  never pas ses  through the  

r e t r o - f i r e  p o s i t i o n .  I n  Figure 5 .21  n o t i c e  t h a t  t r a j e c -  

t o r i e s  to c i r c u l a r  o r b i t s  f i r s t  p ick  up a s u b s t a n t i a l  

po r t ion  of t h e  f i n a l  energy requi red  by proceeding along 

the pa th  of minimum e f f o r t .  The e c c e n t r i c i t y  i s  then  

ad jus ted  to zero by proceeding almost perpendicular  to 

l i n e s  of cons tan t  e f f o r t .  

Figures 5.20, 5.22 and 5.23 summarize transfers 

to f i n a l  o r b i t s  w i t h  a semi-maJor a x i s  of 3 .0 .  The 
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Fig.  5.22 A n  Optimal O r b i t a l  Transfer  t o  
A = 3.0 and e = .90 
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fundamental p r i n c i p l e s  of astrodynamics a r e  e s p e c i a l l y  

evident  i n  Figure 5.22. Energy i s  f i r s t  increased  near 

t h e  c e n t e r  of a t t r a c t i o n  by a l i g n j n g  t h e  t h r u s t  vec to r  

near t h e  v e l o c i t y  v e c t o r .  E c c e n t r i c i t y  i s  then  increased 

by t h r u s t i n g  nea r ly  perpendicular  to t h e  rad ius  vec to r  

a t  l a r g e  values  of t h e  r ad ius .  

Figure 5.24 shows s e v e r a l  o p t i m a l  o r b i t a l  t r a j e c -  

t o r i e s  to a f i n a l  e c c e n t r i c i t y  of .go. All of t hese  

t r a n s f e r s  a r e  i n i t i a t e d  by a l a r g e  g a i n  i n  energy a t t a i n e d  

by proceeding along t h e  minimum e f f o r t  pa th .  The space 

veh ic l e  t hen  inc reases  its e c c e n t r i c i t y  a t  po in t s  f a r  

from the  c e n t e r  of a t t r a c t i o n .  These t r a j e c t o r i e s  aga in  

r ep resen t  e x c e l l e n t  examples of t h e  fundamental p r in -  

c i p l e s  of astrodynamics. 

Figures  5'.25 - 5.28 i l l u s t r a t e  optimal o r b i t a l  

t r a n s f e r s  to f i n a l  o r b i t s  w i t h  a semi-major a x i s  of one. 

I n  a l l  cases  only a change i n  f i n a l  angular  momentum i s  

r equ i r ed .  However, i n  accordance w i t h  t h e  second funda- 

mental  p r i n c i p l e ,  such a change i s  most economically 

performed a t  l a r g e  r a d i i .  Consequently each of t hese  

t r a n s f e r s  i s  i n i t i a t e d  w i t h  an  e f f o r t  to i nc rease  t h e  

energy of t h e  o r b i t .  'From Figure 5.28 it can be seen 

that  t h i s  i s  done by proceeding along t h e  path of minimum 

e f f o r t .  When l a r g e  r a d i i  a r e  achieved, t h e  t h r u s t  vec to r  

i s  pointed nea r ly  perpendicular  to t h e  r ad ius  vec to r  i n  





Fig .  5.25 A n  O p t i m a l  O r b i t a l  Transfer 
t o  A = 1 .0  and e = .20 



F i g .  5.26 An O p t i m a l  O r b i t a l  T r a n s f e r  
to A = 1 .0  and e = .5O 



Fig- 5.27 An Optimal Orb i t a l  Transfer to A = 1.0 
and e = -90 
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an e f f o r t  to achieve t h e  f i n a l  angular  momentum des i red .  

At t h e  same time a component of t h e  t h r u s t  vec to r  e x i s t s  

i n  t h e  r e t r o - f i r e  p o s i t i o n  a n d  t h e  semi-major a x i s  i s  

decreased back to one. 

Figures  5 .29 - 5.32 i l l u s t r a t e  o rb i t a l .  t r a n s f e r s  

to f i n a l  o r b i t s  w i t h  semi-major axes of 0.75. A com- 

p l e t e l y  d i f f e r e n t  reg ion  of t r a n s f e r s  i s  encountered. 

TO a t t a i n  f i n a l  o r b i t s  below t h e  minimum e f f o r t  curve 

( see  Figure 5 .32) ,  t h e  t h r u s t  vec to r  i s  i n i t i a l ] - y  pos i -  

t i oned  i n  a r e t r o - f i r e  p o s i t i o n  and osc i l l . a tes  about 

x = 180'. 

i n  Figures 5.29 and 5.30. 

Two r e p r e s e n t a t i v e  o p t i m a l  t r a n s f e r s  a r e  shown 

I n  t r a n s f e r r i n g  to i nne r  o r b i t s  wi th  high eccen- 

t r i c i t y ,  it i s  d i f f i c u l t  to l o s e  t h e  angular momentum 

required. to achieve h ighly  e c c e n t r i c  o r b i t s ,  s i n c e  t h e  

f i n a l  semi-major a,xis must be s m a l l .  I n  o the r  words,  

t h e  fundamental p r i n c i p l e  f o r  l o s ing  energy i s  a t  odds 

w i t h  t h e  p r i n c i p l e  f o r  decreasixg angular  momentum. To 

achieve o r b i t s  w i t h  h igh e c c e n t r i c i t y ,  th.e change of 

angular  momentum requi red  i s  t h e  dominant f a c t o r .  Con- 

sequent ly ,  t o  a t t a i n  f i n a l  o r b i t s  w i t h  e c c e n t r i c i t i e s  

above t h e  minimum e f f o r t  pa th ,  t h e  t h r u s t  vec to r  i s  

i n i t i a l l y  pos i t ioned  w i t h  a component of t h r u s t  i n  t h e  

forward  d i r e c t i o n .  The v e h i c l e  energy i s  f i r s t  increased 

and as l a r g e  r a d i i  a r e  encoumtered, t h e  energy and 



Fig.  5.29 A n  O p t i m a l  O r b i t a l  Transfer 
to A = .75 and e = .10 
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F i g .  5.30 An O p t i m a l  O r b i t a l  Transfer 
to A = .75 and e = .24 



F i g .  5.31 An Optimal O r b i t a l  Transfer 
to A = .75 and e = . T O  
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angular  momentum a r e  simultaneously decreased. Such a 

t r a n s f e r  i s  shown i n  Figure 5.31. I n  t h i s  case ,  t h r u s t  

expended near t h e  per igee  of t r a n s f e r  i s  l a r g e l y  lost. 

If t h r u s t  magnitude were a c o n t r o l ,  t h e  t h r u s t  would 

c e r t a i n l y  have been turned of f  during thj-s p o r t i o n  of 

t r a n s f e r  . 



CHAPTER 6 

CONCLUSIONS 

Mult iple  s t a t i o n a r y  so lu t ions  a r e  f requeri t ly  

obtained w i t h  op t imiza t ion  problems us ing  t h e  ca l cu lus  

of v a r i a t i o n s .  The ex i s t ence  of mul t ip l e  s t a t i o n a r y  solu-  

t i o n s  can be a t t r i b u t e d  to one of s e v e r a l  d i s t i n c t  rea-  

sons.  A reason tha t  mul t ip l e  s o l u t i o n s  a r e  f r equen t ly  

obtained i s  t h a t  t h e  complete s e t  of necessary and s u f f i -  

c i e n t  condi t ions f o r  a s o l u t i o n  have not been imposed. 

It has been shown here t ha t  a. s u f f i c i e n c y  t e s t  

f o r  t h e  Problem of Bolza  can be broken down i n t o  t w o  inde- 

pendent t e s t s :  

(1) a p a t h  s u f f i c i e n c y  t e s t ,  and 

(2)  endpoint s u f f i c i e n c y  t e s t .  

A n  endpoint su f f i c i ency  t e s t  i s  developed here  f o r  prob- 

lems w i t h  v a r i a b l e  endpoints .  If a s o l u t i o n  candidate  

s a t i s f i e s  both t e s t  as w e l l  as t h e  f i r s t  t h r e e  necessary 

condi t ions ,  it simply s a t i s f i e s  a su f f i c i ency  condi t ion .  

That t h i s  s u f f i c i e n c y  condi t ion  i s  a l s o  necessary has not 

been proven. 

Mult iple  s o l u t i o n s  can also occur i n  problems w i t h  

s i n g u l a r  c o n t r o l .  To da te  t h e  complete s e t  of necessary 
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and s u f f i c i e n t  condi t ions  needed t o  d i s t i n g u i s h  t h e  t r u e  

optimum have not  been formulated.  

Problems a l s o  e x i s t  for which t h e  ca lcu lus  of 

v a r i a t i o n s  provides no c r i t e r i a  f o r  s e l e c t i n g  t h e  g loba l  

minimum. The theory  of t h e  ca l cu lus  of v a r i a t i o n s  i s  

e f f e c t i v e  only i n  determining t r a j e c t o r i e s  which a r e  l o c a l  

optimums. Only s m a l l  v a r i a t i o n  i n  t h e  s t a t e  space t r a j e c -  

t o r y  a r e  considered.  Problems w i t h  bounded c o n t r o l  and 

pe r iod ic  s o l u t i o n  o f t e n  have s e v e r a l  l o c a l  opt ima.  

It has been shown tha t  once t h e  f i r s t  necessary 

path condi t ions  have been appl ied ,  a ca l cu lus  of v a r i a -  

t i o n s  problem w i t h  v a r i a b l e  endpoints i s  reduced to a 

problem of t h e  minimization of a func t ion  of s e v e r a l  

v a r i a b l e s .  Analy t ica l  a p p l i c a t i o n  of  t h e  endpoint suf -  

f i c i e n c y  condi t ion  r e q u i r e s  t h e  a n a l y t i c a l  i n t e g r a t i o n  

of t h e  s e t  of s t a t e  v a r i a b l e  and Euler-Lagrange d i f f e ren -  

t i a l  equat ions.  Since i n  most  cases  t h i s  i s  d i f f i c u l t  

o r  impossible,  an  algori thm has been developed f o r  t h e  

numerical implementation of t h e  endpoint s u f f i c i e n c y  

t e s t .  

The endpoint s u f f i c i e n c y  cond i t ion  has been 

shown to be an  e f f e c t i v e  computational tool i n  complex 

a p p l i c a t i o n s .  For example, through t h e  use  of t h e  end- 

po in t  s u f f i c i e n c y  t e s t ,  a complete c l a s s  of nonoptimal 

s o l u t i o n s  can be discarded immediately upon encounter.  
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Without the aid of the endpoint sufficiency test an 

investigator would have no indication that solutions he 

is generating are nonoptimal until he encounters multiple 

solutions. This results in a great savings in computa- 

tion time. 

The alternative of determining the set of all 

multiple stationary solutions to a problem, so that the 

true optimal may be distinguished via a direct compari- 

son of the performance indices, is often a formidable 

task. No criteria exist for determining the number of 

multiple solutions that exist and an investigator could 

never be sure he had found - a l l  of the multiple solu- 

tions. 

The difficulty of solving a two-poin-t boundary 

value problem needed to implement the endpoint sufficiency 

condition was eliminated by using the generalized Newton- 

Raphson algorithm. It has proved to be a powerful com- 

putational tool. 

The comprehensive optimal orbital transfer 

example gave some interesting insights into the general 

problem of low thrust minimum fuel transfers . Qualita- 

tive aspects of all orbital transfers were found to be 

consistent with fundamental principles postulated for 

changing energy and angular momentum. 



APPENDIX A 

M I N I M I Z A T I O N  O F  A FUNCTION OF SEVERAL VARIABLES 

T h i s  appendix p re sen t s  a r igorous  proof  of t h e  

necessary and s u f f i c i e n t  condi t ions  f o r  a func t ion  of 

s e v e r a l  v a r i a b l e s  t o  be a minimum when sub jec t  to a lge-  

b r a i c  equat ions of c o n s t r a i n t .  These proofs  could be 

e s t ab l i shed  e a s i l y ,  bu t  w i t h  l e s s  r i g o r ,  through t h e  use 

of Lagrange m u l t i p l i e r s  as w a s  done i n  s e c t i o n  1 . 2 .  The 

v a l i d i t y  of us ing  such m u l t i p l i e r s  i n  e s t a b l i s h i n g  neccs- 

s a r y  condi t ions  has been r igo rous ly  v e r i f i e d .  However, 

t h e  v a l i d i t y  of u s ing  Lagrange m u l t i p l i e r s  t o  e s t a b l i s h  

s u f f i c i e n c y  condi t ions i n  c o n t r o l  n o t a t i o n  has not been 

e s t a b l i s h e d  w i t h  r i g o r  u n t i l  r e c e n t l y  (Vincent, 1969). 

I n  t h e  proof tha t  fol lows,  f r e e  use w i l l  be made 

of t h e  n o t a t i o n  and conventions e s t ab l i shed  at t h e  begin- 

ni.ng of s e c t i o n  2.3. Following t h e  methods of Vincent 

(1969), consider  t h e  problem of minimizing a func t ion  of  

s e v e r a l  v a r i a b l e s  

J = J(w,v) 

sub jec t  t o  t h e  c o n s t r a i n t s  
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a r e  func t ions  of c l a s s  C2 and t h e  con- where both J and 

s t r a i n t s  a r e  such t h a t  t h e  determinent of t h e  Jacobian 

i s  nonsingular .  The dimension of and I w i s  assumed t o  

be p and t h e  dimension OS - v i s  assumed t o  be q.  

A . l  Method of I m p l i c i t  Functions I_--- 

Since - Q i s  of C2 and cond i t ion  (A.3) has been 

pos tu l a t ed ,  t h e  i m p l i c i t  func t ion  theorem (Buck, 1965, 

pp. 283-286) s t a t e s  t ha t  equat ion (A.2) i m p l i c i t l y  

assures  t h e  ex i s t ence  of t h e  vec to r  func t ion  exp l i c -  

i t l y  r e l a t i n g  t h e  dependent v a r i a b l e s  - VT t o  t h e  independent 

v a r i a b l e s  - v 

I 

By s u b s t i t u t i n g  ( A . 4 )  i n t o  ( A . l ) ,  J becomes a func t ion  

of - v only 

J = J(W(v),x) - ( A . 5 )  

Define t h e  gene ra l  value of independent v a r i a b l e s  
0 - v i n  a s m a l l  neighborhood of an op t iona l  po in t  v 



0 v = v  - 1 - E C  - I 

where - c is a vector of arbitrarily chosen small,but non- 

zero, constants and E is a scaler multiplier. Then, from 

( A . l )  and ( A . 2 )  

Now J is a function of E only, and the necessary 

condition for an ordinary local extremum is 

a wi 
where - h. 5s the vector with elements hi = K .  
vector - h represents changes in the dependent variables 

The 

- w corresponding to the changes - c in the independent vari- 
ables. 

yields 

Differentiating equation (A .8 )  with respect to E 

Solving for - h yields 

(A. 10) 

(A.ll) 

Substituting (A.ll) into ( A . 9 )  and rearranging gives 
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Since - c i s  an a r b i t r a r y  nonzero vec to r ,  each of t h e  e l e -  

ments of t he  vec to r  i n  pa ren thes i s  must be equal  t o  - 0 a t  

t h e  op t ima l  p o i n t .  

If equat ion ( A . 1 3 )  i s  s a t i s f i e d ,  

condi t ion  f o r  a - l oca l  minimum is  tha t  

d2 J 
de2 
- 

vO 

(A. 13) 

then  a s u f f i c i e n t  

(A. 14) 

must be p o s i t i v e  d e f i n i t e  f o r  a r b i t r a r y  values  of -. h and 

- c s a t i s f y i 2 g  equat ion  (A. 11). 

Before 

f o r  t a k i n g  t h e  

mat r ix  must be 

element of t h e  

eva lua t ing  t h i s  expression,  an i d e n t i t y  

p a r t i a l  d e r i v a t i v e  of t h e  inve r se  of a 

developed. Let Aij r epresent  a genera l  

matr ix:  

Then i n  i n d i c i a 1  n o t a t i o n  t h e  d e f i n i t i o n  of 

i nve r se  may be expressed as 

(A. 16) 
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i q  
where 6 i s  t h e  Kroniker d e l t a .  Premult iplying by A 

g ives  
sj 

( A . 1 7 )  
a4 

Aij = A i q  4 nMj 

Taking t h e  pa r t i a l  d e r i v a t i v e  of both s i d e s  y i e l d s  

(A. 18) 

Since fjij r ep resen t s  a cons t an t ,  equa t ion  (A. 18) reduces 

to 

( A . 1 9 )  

which g ives  t h e  des i r ed  i d e n t i t y :  

(A. 2 0 )  

From t h i s  po in t  on r e s u l t s  must be expressed i n  

a [ wj i s  a t e n s o r .  I n  i n d i c i a l  n o t a t i o n  s i n c e  
n 

i n d i c i a l  n o t a t i o n  equat ion (A. 12) becomes 

(A. 21) 



2-88 

Using equations (A.20) and (A.21) t h e  s u f f i c i e n c y  con-. 

d i t i o n  (A. 111) y i e l d s  

(A.22) 

a J  a2$ 
- Aij 'ken 

must be posritive d e f i n i t e  for a r b i t r a r y  values  of 

- c and - h s a t i s f y i n g  equat ion (A.  11). 

i n d i c i a 1  no ta t ion  r e p r e s e n t a t i o n  of equat ion (A. 11) 

Recognizing t h e  

(A.23) 

i n  f o u r  terms of equat ion (A.22) and regrouping terms, 

condi t ion  (A.23) can be w r i t t e n  



must be p o s i t i v e  d e f i n i t e  f o r  a r b i t r a r y  values  of c 

and h s a t i s f y i n g  equat ion (A.ll). 

Equation ( A . 2 4 )  and equat ion (A.13) provide a 

s e t  of necessary and s u f f i c i e n t  condi t ions  f o r  J(w,v) t o  

be minimum when t h e  equat ions of c o n s t r a i n t  - - -  lir(w,v) = 0 

must be s a t i s f i e d .  

- A.2 Method of Lagrange M u l t i p l i e r s  

The necessary and s u f f i c i e n t  condi t ions  can be 

put  i n  a form which i s  more conven ien t to  u s e b y  de f in ing  

t h e  augmented func t ion  

where g i s  a vec to r  of cons tan t  m u l t i p l i e r s  c a l l e d  

Lagrange m u l t i p l i e r s .  

If t h e  Lagrange m u l t i p l i e r s  a r e  given t h e  i d e n t i t y  

( ~ . 2 6 )  



,190 
or i n  matr ix  no ta t ion ,  

s e v e r a l  observat ions can be made. Thus necessary condi- 

t i o n s  f o r  J to be a minimum ( A . 1 3 )  become 

( ~ . 2 8 )  

The su f f i c i ency  cond-itions ( A . 2 4 )  may be w r i t t e n  as 

m u s t  be p o s i t i v e  d e f i n i t e  

f o r  a r b i t r a r y  c and h s a t i s f y i n g  equat ion (A.11). Define 

t h e  vec to r s  r and d as 
I - 

hl 
h2 

P 
h d =  - 

2 C 

C 
4 

(A. 30)  



The s u f f i c i e n c y  cond i t ion  (A.29) may now be put  

i n  compact matr ix  n o t a t i o n  by using equat ion (A.25) and 

d e f i n i t i o n s  (A.30): 

( A . 3 1 )  

must be p o s i t i v e  d e f i n i t e  

f o r  a r b i t r a r y  I c and - h s a t i s f y i n g  equat ion (A.11). 

guarantee t ha t  - c and - h i n  vec to r  - d s a t i s f y  equat ion 

To 

(A.ll), elements of - d may be expressed as func t ions  of 

t h e  independent cons tan ts  - c only.  I n  matrix n o t a t i o n  

t h i s  may be expressed as 

where 

( A . 3 3 )  

and I i s  a q by q i d e n t i t y  matr ix .  The s u f f i c i e n c y  con- 

d i t i o n  ( A . 3 2 )  rnay then  be w r i t t e n  as 

(A. 34) 

must be p o s i t i v e  d e f i n i t e  

f o r  a r b i t r a r y  values  of t h e  elements of e .  

The advantage of t h e  Lagrange m u l t i p l i e r  tech-  

nique i s  t h a t  t h e  necessary and s u f f i c i e n t  comditions can 

be expressed i n  compact and easy-to-remember matrix nota- 

t i o n .  



APPENDIX B 

PROGRAMS 



C '  
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C 
C 
C 
C 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
t 
C 

A P P E N D I X  B 

qr * * * 4 * * * 4- * + Zi 4 xc * * * * * * **4 * * O R B I T A L  T R A J E C T O R I E S  * *** * * >> * Zi *+ * 4 ** Q Q * +* * ** *+ 
M A I N L I N E  PRCGRAM 
PROGRAM S P A C E  COKTROLS T H E  G E N E R A T I O N  O F  S O L U T I O N S  T O  A N  O P T I M A L  
P R O B L E M  I N  C E L E S T I A L  N A V I G A T I O N .  Tk iE  P R O B L E M  I S  TO T R A N S F E R  A L O H  
T H R U S T  S P A C E  V E H I C L E  FROM A,N I N I T I A L  C I R C U L A S  O R B I T  T O  ANY COPLANAR 
E L L I P T I C  O R B I T  O F  G I V E N  ENERGY AND ANGULAR MOMENTUM. T t IE  THRUST 
PROGRAM I S  T O  B E  D E T E R M I X E D  S O  A S  T O  M I N I M I Z E  THE I N T E G R A L  OF T H E  
PRODUCT OF T H R U S T  M A G Y I T U D E  AND T I M E .  THE F I N A L  ARG. OF P E R I A P S f S  

A L L  ARE U N S P E C I F I E D  AND C O N S I D E R E D  FREE. 

T H I S  PROGRAP AND A S S O C I A T E D  S V B R O U T I U E S  ARE E X P L A I N E D  I N  D E T A I L  I N  
C H A P T E R S  5 A K D  3 AND I N  S E C T I C N  2.7 O F  T H I S  D I S S E R T A T I O N ,  
I N P U T  ****+ 

T H E  F I N A L  T R U E  ANCMOLYp THE F I N A L  RAYGE ANGLE, AND THE F I N A L  T I M E  

E A C H  S E T  OF I N P U T  D A T A  R E Q U I R E S  TLlO C A R D S p  
CARD 1 
X I  
X D O T I  

L R  I 

AF 

E C C F  
T O L  
C T  0 

P A R D E L  

C A R D 2  
N S 

KFRFrQ 

N V  

N C H  
N T Y P  

= E S T I M A T E  O F  I N I T I A L  T H R U S T  CONTROL ANGLE. 
= E S T I M A T E  O F  I N I T I A L  N O N D I M E N S I O K A L  TIHRUST CONTROL 

= E S T I M A T E  O F  I N I T I A L  R A D I U S  LAGRANGE M U L T I P L I E R .  
ANGLE RATE. 

N E E C E D  ONLY FOR PROBLEMS W I T H  M U L T I P L E  T H R U S T I N G  ARCS, 
= F I N A L  N O N D I M E N S I O N A L  S E M I I 4 A J 0 9  A X I S  D E S I R E D .  

N E E D E D  FOR FOR BObNDARY V A L U E  PROBLEMS O N L Y  
= 0 I F  T H E  F L O U D I N G  T E C I i N I O I I E  I S  B E I N G  U S E D  AND NO 

= F I N A L  E C C E N T R I C I T Y  L E S I R L D  ( F O R  OOUVDARY V h L U E  P R O B L E M )  
= MAX1HUt.I I N T F G R A T I O Q  ERROR/ U V I l  STEP. ( A P P R O X I M A T E  O N L Y )  

S U B R O U T I N E  Q U A S I  C U R I N G  S O L U T I O N  O F  A BUUNDARY V A L U E  PR. 

C O P P U T I N G  F A R T I A L  D E R I V A T I V E S  FOR E N D P O I N T  S U F F I C I E N C Y  
TEST.  ( S E E  S E C T I O N S  2.7 AND 3 . 3 )  

BOUNDARY V A L U E  PRUGLEf4 I S  T U  i3E SOLVCD. ( S E C T I 0 f . I  3 - 1 . 1 )  

= A CONVERGENCE T O L E R A N C E  FOR TEKVINATING ITERATION I N  

= PERCENTAGE CHANGE I N  F I N A L  E Y D P O I N T S  WHE:.I N U M E R I C A L L Y  

= R A D I A L  V E L O C I T Y  D I R E C T I O N  FOR E L L I P T I C A L  I N I T I A L  O R B I T S .  
= -1  I F  A P R O A C H I N G  P E R I A P S I S  
= M A X I M U M  NUMBER O F  I N T E G R A T I O N  S T E P S  BETWEEN P R I N T E D  

= NUMBER OF T H E  V A R I A B L E  W H I C H  I S  TO B E  CHANGED B E F O R E  

= 0 I F  A N E h  S E T  OF D A T A  CARDS I S  TO B E  R E A D  I M M E D I A T E L Y  

T R A J E C T O R Y  OUT PUTS, 

A U T O M A T I C A L L Y  R E P E A T I N G  A S O L U T I O N .  

F O L L O l r I N G  T H E  S O L U T I O N  G E N E 4 A T E D  B Y  T H I S  CARD. 
= 1 AND AF= 09 CHANGE X I  B Y  DV. 
= 2 AND AF= 01 CHANGE X D O T I  BY DV. 
= 3 AND AF= 0 ,  CHANGE L R I  B Y  DV. 

= 1 AND AF NOT EQUAL T O  O ?  CHANGE A F  B Y  DV. 
= 2 AND A F  NOT E Q U A L  T O  0, CHANGE E C C F  BY DV. 
= 3 AND A F  NOT E Q U A L  T O  0 ,  CHANCE F I  B Y  OV. 
= 4 AND A F  NOT EQUAL TO 0 9  CHANGE UE B Y  DV. 

= 4 AND AF= 0. CHANGE F I  B Y  D V -  

= N U F B E R  OF CHANGES, D V t  T U  B E  MADE Ihl  V A 4 I A B L E  N V  AROVE. 
= 1 I F  A N  I N I T I A L  C I R C U L A R  O R B I T  AND A S I N G L E  T H R U S T I N G  

= 2 I F  A N  I N I T I A L  C I R C U L A R  O R B I T  A N 0  M U L T I P L E  T H R U S T I N G  

= 3 I F  A N  I N I T I A L  E L L I P T I C  O R B I T  k I T H  R U L T I P L E  T H R U S T I N G  

P E R I O D  ARE D E S I R E D .  

P E R I O O S  ARE D E S I R E D .  NOT FULLY DEWJGGEO- 

- A  1 
A 2  
A 3  
A 4  
A 5  
A 6  
A ? '  
A B  
A 9  
A 10 
A 11  
A 12 
A 13  
A 1 4  
A 15 
A 16 
A 17  
A 18 
A 1 9  
A 20 
A 2 1  
A 22 
A 23  
A 2 4  
A 2 5  
A 26 
A 27 
A 28 
A 2 9  
A 30  
A 3 1  
A 32 
A 33 
A 3 4  
A 35 
A 36 
A 37 
A 38 
A 39  
A 40 
A 41 
A 4 2  
A 4 3  
A 44 
A 45 
A 4 6  
A 47 
A 48  
A 4 9  
A 5 0  
A 5 1  
A 52 
A 53 
A 5 4  
A 55 
A 5 5  
A 57 
A 58  
A 5 9  
A 60 
A 61 
A 62 
A 63 



194 

C 
C 
C 
C 

C 
C 

C 
C 
C 
4 

I F  

NB 

I D  
N I T  

DV 
P C T  

F I  
UE 

P E R I O C S  I S  D E S I R E D .  T H I S  O P T I O N  I S  N O T  F U L L Y  D E B U G G E D .  

P E R F O R M  E D  
= 1 I F  AN E N D P O I N T  S U F F I C I E N C Y  C O N D I T I O N  T E S T  I S  10 B E  

= N U P B E R  C F  C U T O F F S ,  T H E  S O L U T I O N  I S  T E R M I N A T E D  WHEN T H E  
N e - T H  Z E R O  O F  T H E  C U T O F F  F U N C T I O N  I S  E N C O U Y T E R E D .  

= DUMMY F O R  F U T U R E  E X P A N S I O N .  
= MAXIMUI-1 NUMBER O F  G E N E R A L I Z E D  N E M T O N - R A P H S O N  i T E R A T I O N S  

A L L O N E D  F O R  C O N V E R G E N C E  O F  A S O L U T I O N  T O  T l l E  BOUNDRY 
V A L U E  P R O B L E M ,  

= V A L U E  O F  T H E  C H A N G E  TO BE MADE I N  V A R I A B L E  -NV- A B O V E *  
= A M A X I P U M  P E R C E N T A G E  C H A N G E  A L L O M E D  I N  I N I T I A L  VALL 'ES  

D U R I N G  T H E  S O L U T I O N  O F  A BOUNDARY V A L U E  PROBLEM.  
T H I S  P A R A M E T E R  I S  U S E D  T O  C O N T R O L  T H E  S T A B I L I T Y  O F  I H E  
C C N V E R G E N C E  O F  T H E  S O L U T I O U .  ( S E E  S U B R O U T I N E  Q U A S I )  

= MAXIMUIJ. N O N D I M E N S I C N A L  T H R U S T  M A G N I T U D E .  
= N O N D I P E N S I O Y A L  E X H A U S T  V E L O C I T Y .  

P R O G R A M  S P A C E  ( I N P U T  p O I J T P U T  9 P U N C H 9  T A P E Z = I N P U T  9 T A P t 3 = O i J T P U T i T A P E 4 = P U  
1 NCH I 

R E A L  
R E A L  M P L U ~ L G ~ L R ~ L M ~ L R I  
COMMON 
COMMON / I N T V h R /  

Y ( 100)  t P I  20 ) p C D t l S T  10 1 9  X O L D (  6 i  1000)  * Y I N  I T  ( 10) 

/MA1 N/ E p H r S M A p  E C C ,  C U T ,  S, A P O ,  P E R v  X 9 W I E R  p D P R p H 4 M  
T I  ME,Y p P t r J E  p T O L ,  D X P  MODE 

COMMON / I D L E /  X C L D  
E Q U I V A L E N C E  ( Y ( 1 ) p U ) r  ( Y ( 2 ) , G ) 9  ( Y ( 3 ) , R ) r  I Y ( 4 ) p M ) v  ( Y ( S ) e L U I ,  ( Y (  

1 6 l r L G ) p  ( Y [ 7 ) , L R ) ,  I Y ( 8 ) p L M ) t  ( Y ( 9 ) p A N I r  I Y ( 1 O ) r T E )  
E X T E R N A L  D I F F I  r B O U Y O t  N O N L I N  
E X T E R N A L  F I X E D 9  C C h S T R T  
E X T E R N A L  S W I T C H ,  C U T O F F  
D A T A  D P R / 5 7 . 2 9 5 7 7 9 5 1 3 1 /  
D A T A  P I / 3 . 1 4 1 5 9 2 6 5 3 5 8 9 7 9 3 /  

R E A 0  F I R S T  I N P U T  CARD.  S E E  C O H M E N T S  ABOVE.  
R E A D  [2,21 X I ~ X O O T I ~ L R I V A F ~ E C C F ~ ~ ~ ~ ~ C ~ O ~ P A R D E L  
F O R F A T  I 8 E 1 0 . 4 )  

R E A D  S E C O N D  I N P U T  C A R D ,  S E E  COMMENTS ABOVE.  
R E A D  ( 2  * 3 )  N S t N C  , K F R E O , N V , N C H V N T Y P ~  i F , i J B r  I D ,  I O p N I  T P I D  t D V p P C T  , F I  V U E  

I F  I F I . L E . O . 0 )  S T C P  1111 
N C S = N C  
N B S = N 8  
I D = 2  

F O R P A T  1 5 1 5 ~ 5 1 1 p 2 1 5 ~ 2 F 5 ~ D ~ 2 F 1 o . o )  

S E T  I N I T I A L  D A T A  A S S U M I N G  A C I R C U L A R  O R B I T  W I T H  A S I N G L E  
T H R U S T I I d G  P E R I O D  S P E C I F I E D .  

u=1.0 
G=0.0 
R=l.O 
M = l  e 0  
LM=O.O 
E=-.5 
AN=O.O 
T E = O , O  
S M A = 1 . 0  
X = X I  
XP=X 
X D O T = X D O T I  
L R = L R I  
F = F  I 
X = X / D P R  
Y { 11 I=O.O 
Y ( 1 2  )=O*O 
KSW=O 
U E S T = l e O E + S O  

A 64 
A 65 
A 66 
A 6.7 
A 68 
A 69 
A 70 
A 71 
A 72 
A 73 
A 74 
A 75 
A 76 
A 77 
A 78 
A 7 9  
A 80 
A 81 
A 82 
A 83  
A 84 

A 86 
k 87 
A 88 
A 89  
A 90 
A 91 
A 92 
A 93 
A 94 
A 95 
A 9b 
A 97 
A 98 
A 99 
A 100 
A 101 
A 102  
A 103 
A 1 0 4  
A 105 

A 107  
A 108 
A 109 
A 110 
A 111 
A 1 1 2  
A 113 
A 1 1 4  
A 115 
A 116 
A 117 
A 118 
A 119 
A 120 
A 1 2 1  
A 1 2 2  
A 1 2 3  
A 124 
A 125 
A 126 
A 127 
A 1 2 8  
A 129 

A a5  

a 106 



C 
C 
C 
5 

C 
C 
C 
6 

C 
C 
C 
7 

8 

10 

11 

C 
'C 
12  

F A C T O R = - F * S I N I X ) / ~ ~ - U * X D O T + U * U * S ~ N ( X ) * S ~ N ( G ~ X ) / R ~ C O S l G ) / ( R * R ~  A 130 
IF I N T Y P e G T e . 3 )  S T O P  A 1 3 1  
G O  T O  ( 5 , 6 9 7 ) .  N T Y P  A 132 

A 133 
C I R C U L A R  I N I T I A L  O R B I T  M I T H  NO M A S S  R A T E  AND A S I N G L E  THRUST. A 134 
X AND XDOT D E T E R M I N E  LUs LGI A N D  LR.  L M  I S  N O T  NEEDED, A 135 

L U = M * C O S ( X )  A 136 
L G = U * L U * S I N I  X ) / C O S ( X )  A 137 
L R = L G * F A C T O R / I U ~ U ~ S I N f X ) 9 C D S I G ~ X ) )  A 1 3 8  
GO T O  8 A 139  

F. 140  
C I R C U L A R  I N I T I A L  O R B I T  W I T H  F I N I T E  M A S S  RATE. A 1 4 1  
Xp XDOT A:ID L R  D E T E R M I I d E  L U t  L G ,  AND L M e  A 142 

L G = L R * U * U * S I N ( X ) * C O S ( G + X ) / F A C T U R  A 143 
L U = L G * C O S ( X ) / ( U * S I N ( X I )  A 144 
L M ~ l L U * ~ F * C C S ~ X ~ / M ~ + L G * ~ F ~ S I N l X ~ / ~ t ~ * U ~ - l ~ O / l R * R * U ~ ~ U / R ~ - F ~ * U E / F  A 145 
GO TO 8 A 146 

A 147 
E L L I P T I C  I N I T I A L  O R B I T  - S T A R T  I N T E G R A T I O N  A T  P E R I A P S I S .  A 148  
H D E T E R M I N E S  O R B I T  S H A P E  S I N C E  SMA I S  N O R M A L I Z E D  T O  1. A 149 

E C C = S Q R T ( l * O - H * H / S M A )  A 150 
R = S M A * [ l . O - E C C )  A 1 5 1  
U = H / R  A 1 5 2  
GO TO 6 A 153 
P(l)=F A 154  
P l 2 ) = U E  A 1 5 5  
S = S W I  T C H  [ T I  P E q Y  t P )  A 1 5 6  
I F  l S + 0 . 0 0 0 0 1 . L T . 0 . 0 )  P I  11=0,.0 A 157 
C U T = C U T O F F ( T  I M E P Y  , P )  A 1 5 8  
H = R * U * C O S ( G )  A 159  

A 160 
S A V E  I A I T I A L  V A C U E S  FOR U S E  IN B.V. PROBLEM. A 161 

DO 9 I=I,lO A 162 
Y I N I T I I ) = Y ( I )  A 1 6 3  

A 164 
P R I N T  GUT P R C B L E M  P A R A M E T E R S -  A 1 6 5  

XD= X*DPR A 166 
W R I T E  I 3  p 10) XD,XDOT e L R t  F v H t l J E  9 TOL,  N S I N C  r N T Y P  t N B  A 167 

1 2 F 1 3 . B , 3 0 H  T H R U S T 9  M O M ?  EXH V E L ?  TOL = 4 F 9 e 4 9 2 X 1 4 1 2 )  A 169 
W R I T E  ( 3 ~ 1 1 )  A 170 
FORMAT ( / / 5 2 H  X / A N G L E  El\rERGY/A MOM/ECC V E L / L U  G / L G  5 A 171 

L O H R A D / L R M d S S / L M S W C H / C U J H / ~ I € R A P O / P E R / / )  A 1 7 2  
C A L L  OUTPUT A 173  
I F  IAF.NE.0)  GO T O  12  A 174 
PUNCH 369 F , U E , C N O ~ X , X D C T , U I G I R , L U I ~ ~ ? L R ~ L ~  A 1 7 5  
CNO=NC A 176  

A 177  
I N I T I A L I Z E  B O O K E E P I N G  PARAMETERS FOR I N T E G R A T I O N .  A 178 

KERR=O A 179 
os=o.o h 1 8 0  
OCUT=Oe 0 A 1 8 1  
K F = K F R E Q  A 1 8 2  
NB=NBS A 183 
NC=NCS A 184 
T I  ME=O,O A 185 
N E = 1 2  A 186 
MODE=O A 187 
X N B = N E  A 188  
NLOOP=IO.*XNR/TOL A 189 

F O R P A T  ( 1 H l s 4 0 X p 2 1 H * * * N E W  T R A J E C T O R Y * * *  //15H X ,  X D f l T t  L R  = F13.8, A 168 



C 
C 
C 
C 

C 
C 
C 

C 
C 
13 

1 4  

C 
C 
C 
15 

1 6  

C 
C 
17 

18 

19 

C 
C 
2 0  

C 
C 
C 
2 1  

C 
22 

2 3  

C 

I N T E G R A T I O N  L O O P  W I T H  T E S T S  F O R  E N 0  O F  T R A J E C T O R Y r  T H R U S T  
C O N T R O L ,  P H Y S I C A L L Y  I M P O S S I B L E  S O L U T I O N S ,  AND O U T P U T  C O N T R O L .  

1 4 * 8 9 ~ 8 * * * 8 8 * ~ 8 8 Q * I ~ t ~ * * *  S T A R T  I N T E G R A T I O N  L O O P  I t t*QtI*****t t**** 
DO 2 3  M Q = l ? F ; L C O P  
C A L L  RUNKUT ( T I  ME C Y  P p  NONL I N  , N E  9 T U L  I D X t  f i O D E )  

C H E C K  F O R  S I G N  CHP.NGE I N  C U T O F F .  I F  A C H A N G E  H A S  O C C U R R E D p  
C O N V E R G E  S T A T E  V A R I A B L E S  T O  E X A C T  C U T  O F F  VALUE. 

C U T = C U T O F F ( T I M E t Y q P )  
I F  I O C U T ~ E Q ~ O ~ O ~ O R ~ C U T ~ ~ O C U T . G T , O , O , O R . M Q , L E ~ 3 ~  GO T O  15 
C A L L  C O N V E R G  ( C U T O F F ?  O C U T e  C U T i  D X ,  l o  D E - 0 8 s  NONL I N  

IF 1 C U T . E Q - 0 . 0 1  1 3 ~ 1 6  
MOD E= 0 

D E T E R M I N E  I F  T R A J E C T O R Y  I S  T O  B E  E N D E D  A T  T t I I S  E N D P O I N T .  
N B Z N B - 1  
W R I T E  1 3 r l l )  
C A L L  O U T P U T  
L I R I T E  1 3 , 2 4 1  
I F  I K S W . E Q l l , A N O , A B S ( U - U E S T ) . L T . O , O Z )  GO T O  14 
I F  l K S W . E Q . 1 )  N B = I U B + l  

K E R R = l  
G O  TO 2 5  

I F  ( K S W . E Q . O . A N D . ~ B . L E - O )  14915 

C H E C K  F C R  S I G N  CHANGE I N  S W I T C H .  I F  A C H A N G E  H A S  O C C U R R E D ,  
C O N V E R G E  S T A T E  V A R I A B L E S  T O  E X A C T  S W I T C H I V G  V A L U E .  

I F  ( N C . L T . 0 1  G O  T C  20 
S=SWI T C H I  T I  P E t Y  p P 1 
I F  ~ O S ~ E Q ~ O ~ O ~ O R ~ S * O S ~ G T . O . O . O R , M g , L E ~ 3 ~  GO T O  20  
S N E W = S  

MOOE=O 

P E II R = 2 
G O  T O  25 

CP.LL C C N V E R G  ( S W I T C H , O S p S 1 D X , l ~ O E - O 8 ~ N O ~ L I ~ ~  

I F  ( S , E Q * O - O )  1 7 ~ 1 6  

T U R N  T H R U S T  ON OR O F F  D E P E h l D I N G  ON S W I T C H  G O I N G  + O R  -. 
N C Z N C - 1  
I F  ( N C a L T . 0 )  G O  T C  14 
I F  ( S Y E d . G T . 0 - 0 )  1 9 ~ 1 8  
P(l)=OoO 
W R I T E  I 3 r l l )  
C A L L  O U T P U T  
G O  TO 20 
P[l)=F 

C A L L  O U T P U T  
W R I T E  I 3 r l l )  

O T H E R  H A L T S  B E C A U S E  OF P H Y S I C A L L Y  I M P O S S I B L E  S O L U T I U N .  
IF (M*E.LT.O.O)  GO T O  2 1  
K E R R = 4  
G O  T O  2 5  

P R I N T  O U T  A F T E R  E V E R Y  *KF*  I N C R E M E N T S  O R  A F T E R  E V E R Y  T E %  
D E G R E E S  C H A N G E  Ihl X I  H H I C H E V E R  C O K E S  F I R S T .  

X = A T A N ( L G / I U * L U ) )  
K F Z K F - 1  
IF lABS[X-XP) .LT . . l 74533 .AND.KF.GT.O~ GO T O  2 2  
K F = K F R E Q  
X P = X  
C A L L  O U T P U T  

O C U T = C U T  
os= s 
C O N T I N U E  
K E R R = 1 0  

A 190 
A 191 
A 1 9 2  
A 193 
A 194 
A 195 
A 196 
A 197 
A 198 
A 199 
A 200 
A 201  
A 202 
A 203 
A 2 0 4  
A 205 
A 206 
A 207 
A 208 
A 209  
A 2 1 0  
A 2 1 1  
A 2 1 2  
A 2 1 3  
A 2 1 4  
A 215 
A 216  
A 217  
A 2 1 8  
A 219  
A 2 2 0  
A 2 2 1  
A 2 2 2  
A 2 2 3  
A 2 2 4  
A 2 2 5  
A 226 
A 227  
A 2 2 8  
A 2 2 9  
A 230 
A 231  
A 232 
A 233 
A 234 
A 235 
A 236 
A 237 
A 238 
A 239 
A 240 
A 2 4 1  
A 242  
A 2 4 3  
A 244 
A 245  
A 246 
A 247 
A 248 
A 249 
A 250 
A 251  
A 252  
A 253 
A 254 
A 255 
A 256 
A 257 



C 
C 
2 4  
2 5  

2 6  

C 
C 

C 
C 

C 
C 
C 

C 
C 
C 
C 
2 7  

2 8  

29 
C 
C 
30 

C 

t 

F I N A L  SUMMARY OUTPUT AFTER E A C H  S O L U T I O t l .  
FORMAT flH 1 

I F  (G,LT,O.OI F T A = - F T A  
AP= (h f . I -FTA) *CPR 

F T A = A C O S ( ( S M A ~ I l ~ O - E C C ~ * 2 ) / R - l ~ O ) / E C C )  

F T A = F T A * D P R  
E S T E R R = T O L * T  ICE 
W R I T E  1 3 9 2 6 )  F I A o A P p T E r K E R R r M Q p T I M E I E S T E R R  
FORFfAT l / l 6 H  TRUE ANOMALY = F 7 a 2 ~ 2 X 7 2 0 H A R G e  U F  P E R I A P S I S  = F 1 0 * 2 , 5  

l X p l 5 H T O T A L  EFFORT = F l 5 e 1 2 / / 1 6 H  E X I T  S T A T U S  = 1 4 r 5 X 9 1 5 H N O e  OF STE 
2 P S  = I 4 , 1 O f f  T I M E  = r F L 5 . 1 0 ~ 1 4 H  E S T -  ERR = s F 8 . 6 )  

IF THE I N T E G R A T I O N  J U S T  PERFORFED NAS A S O L U T I O N  R E G E N E R A T I O N  
T H E N  JUMP, 

I F  A BOUNDARY V A L U E  PROBLEI.! I S  TO BE SOLVED U S I U G  THE F I N A L  
I F  IKSW.EQ.1)  GO T O  3 8  

T I M E  J U S T  COMPUTEDp THEN JUMP. 
I F  (AF.NE.O.0) GO T O  2 7  
D D = N 8 S  
PUNCH 3 6 1  E C C I , T A I , E p H , S M A r E C C I A N p F T A I A P t T I M E t T E s D D  

A U T O f 8 A T I C  I N C R E M E N T A T I O N  OF I N I T I A L  V A R I A B L E S  FOR ANOTHER 
I N T E G R A T I 0 N e 

N C H = N C H - 1  
I F  1NCH.LT.O) G O  TO 1 
IF ( N V * E Q a 1 1  X I = X I + D V  
I F  (NV.EQ.2)  X D O T I = X D O T I + D V  
I F  l N V . E Q . 3 )  L R I = L R I + D V  
I F  1 N V . E Q - 4 )  F I = F I + D V  
GO TO 4 

W I T H  T I M E  E S T I M A T E  KNflkJN, REGENERATE S O L U T I O N  l v I T H  FIXE.0  
S T E P  S I L E  AND STORE I N  XOLD A S  E S T I Y P T E  OF S O L U T I O N  TO 
THE BOUNDARY V A L U E  PROBLEF;. 

MQ=MQ*2 
I F  ( K E R Z o N E . 1 )  G O  T O  1 
I F [ MQ e G T LO 00 1 Me= 1000 
EST I M=T I WE 

. D E L T = E S T I M / M Q  

Y I I ) = Y  I N I T  ( I ) 
DO 2 8  I = l r L O  

X O L D ( 1 , l  ) = Y  I N I T  ( 1 )  
X O L D ( 2 r  1 )=Y I N I T  ( 2 )  
X O L D l 3 p l ~ = Y I N I T l 3 )  
X O L D l 4 ~ 1 ) = Y I N I T l 5 )  
X O L 0 ( 5 r l ) = Y I N I T ( 6 )  
X O L D ( 6 w l  )=YI N I T  ( 7 )  
TIME=O.O 

DO 2 9  I = 2 1 M Q  

X O L D ( l t I ) = U  
X O L D I Z s I ) = G  
X O L D ( 3 , I ) = R  
X O L D l 4 t I ) = L U  
X O L D ( ~ I I ) = L G  
X O L D l 6 ,  I )=LR 

MODE=5 

CALL  RUNKUT (TIME ,Y P, NONL IN ,NE, o .oo DELT,MODE) 

SET UP FOR Q U A S I L I N E A R I Z A T I O N  S O L U T I O N  OF B. V. PROBLEM. 
P ( l ) = M P  
P ( 2 ) = 6  
P 1 3 ) = 3  
P [ 4 1 = 0  
P l 5 ) = 1  
P { 6 ) = l  

P l l 9 ) = U E  
P [ Z O ) = F  

SET UP FOR I N T E G R A T I O N  OF M A S S  AS AN UNCOUPLED E P U A T I O N -  

A 2 5 9  
A 2 6 0  
A 261 
A 2 6 2  
A 2 6 3  
A 2 6 4  
A 2 6 5  
A 2 6 6  
A 2 6 7  
A 2 6 8  
A 2 6 9  
A 2 7 0  
A 2 7 1  
A 2 7 2  
A 2 7 3  
A 2 7 4  
A 2 7 5  

A 2 7 7  
A 2 7 8  
A 2 7 9  
A 2 8 0  
A 2 8 1  
A 2 8 2  
A 2 8 3  
A 2 8 4  
A 2 0 5  
A 2 8 6  
A 2 8 7  

A 2 8 9  
A 2 9 0  
A 2 9 1  
A 2 3 2  
A 2 9 3  
A 2 9 4  
A 2 9 5  
A 2 9 6  
A 2 Y 7  
A 2 9 8  
A 2 9 9  
A 3 0 0  
A 301 
A 3 0 2  
A 3 0 3  
A 3 0 4  
A 3 0 5  
A 306 
A 3 0 7  
A 3 0 8  
A 309 
A 310 
A 3 1 1  
A 3 1 2  
A 3 1 3  
A 3 1 4  
A 3 1 5  
A 3 1 6  
A 317 
A 3 1 8  
A 3 1 9  
A 3 2 0  
A 3 2 1  
A 3 2 2  
A 3 2 3  
A 3 2 4  
A 3 2 5  
A 3 2 6  
A 3 2 7  

A 2 7 5  

A 2 8 8  



C 
C 
C 

31 
C 
C 
C 
32 

c 
C 

33 
34 

C 
C 
C 
C 
C 
35 

C 
C 

36 
C 
37 

P(lO)=i A 328 
P l l t ) = l o O  A 329  

A 3 3 0  
T H E  C O N S T R A I N T S  ARE ENERGY*  ANGULAR MOMENTUM, L A M B D A  TRANS.* A 3 3 1  
AND H A P I L T C N I A N  = 0 DUE T O  F R E E  T I M E ,  

C O N S T I ~ ) = - l . O / I 2 . O * A F )  
CONST12)=SQRTIAF*(1.O-ECCF**Zl) 
CONST (3)=0-0 
C C N S T ( 4 ) = O e O  
C A L L  Q U A S I  I P , N I T I P C T P C T O ~ E S T I M , C O N S T ~ D I F F I ~ B O U N D )  
I F  l E S T I M ~ L T . 0 1  3 1 q 3 2  
GO T O  I 

S A V E  T H E  I N I T I A L  V A L U E S  FOUND B Y  Q U A S I  FOR THE R E G E N E R A T I O N  
OF THE S O L U T I O N  U S I N G  THE N O N L I N E A R  E Q U A T I O N S .  

MSAVE=MQ 
U = X O L D ( L r l )  
G = X O L D ( Z , l )  
R = X O L D 1 3 ? 1 )  
M=1.0 
L U = X O L D 1 4 , 1 )  
L G = X O L D t 5 r l )  
L R = X O L D  I6 p 1 ) 

U E S T = X O L D  I 1, PQ) 
LM=O,O 

E N D  P O I N T  S U F F I C I E N C Y  C O N O I T I O N  TEST.  
I F  ( I F . N E . 1 )  GO TU 35 
P ( l ) = M Q  
N I B = N l T  
C A L L  F O C A L  ( P s N I B , P C T ~ C T O ~ E S T I M t C O f ~ S ~ ~ D I F F I ~ ~ I X t D r C O N S T R T ~ I D ~ P A R D E  

1 L )  
I F  ( ID .EQ.2)  W R I T E  ( 3 ~ 3 3 )  
I F  ( ID .NE.2 )  W R I T E  ( 3 t 3 ' t )  I D  
FORMAT 1 / / 2 O X  * * E N 0  P O I N T  S U F F I C I E N L Y  C O N 0 1  T I O N  S A T I S F I E D . * / )  
F O R M A T ( / / Z O X p  *END P O I N T  S U F F I C I E N C Y  C C N D I T I O N  NOT S A T I S F I E D * ,  I 3 /  

2 2 0 X , I, 5 H t  0 * $6 4: 9 Q ** Q QI: *A" t- ,> * * 4* ic* * lr 4 $ lir * Q t te f > X j .  D t ** 8 * / / ) 

R E G E N E R A T E  THE S O L U T I O N  U S I N G  T H E  I N I W L  V A L U E S  FOUND B Y  
Q U A S I  AND T H E  N O N L I N E A R  D I F F E R E N T I A L  E Q U A T I O N S -  THE PURPOSE 
I S  TO V E R I F Y  T H E  NEWTON-RAPHSON R E S U L T S  AND GENERATE A 
C O M P L E T E  L I S T I N G  OF T H E  TRAJECTORY.  

X = A T A N ( L G / ( L U * U l )  
I F  (LU.LT.O,O) X = X + P I  
P (  1 ) = F  
P I 2  ) = U E  
E=-.5 
AN=O.O 

N B = l  
NC=NCS 

T E z O . 0  

X O O T = - F * S I N ~ X ~ / ( M * U ) - L R * U * S I N ~ X ) Q C ~ S ~ G + X ) / L G + U * S I ~ ~ ~ X ~ ~ S I N ~ G ~ X ~ / R + C  
1 0 5 1 G ) / ( U * R Q * 2 )  

DD=O.O 
T A I = O . O  
H = R * U * C O S l G )  

CNO=NC 
E C C I = S Q R T ( l - O - H * H )  

PUNCH O U T P U T  - I N I T I A L  C O N O i T I O N S  
IF ( I D e N E e 2 )  GO T O  37 
PUNCH 36 I 
FORMAT (6E13 .6 )  

F * U E  I C N U t  X cXDOT $ U t  G ,  R I  LUI LG,  LR,  L M  

GO TO R E G E N E R A T E  T H E  S O L U T I O N .  
K S W = l  
GO TO 8 

A 332  
A 333 
A 334 
A 335  
A 336 
A 337 
A 338 
A 339  
A 3 4 0  
A 341  
A 342  
A 3 4 3  
A 344  
A 345 
A 346 
A 347 
A 348 
A 349 
A 350 
A 3 S l  
A 352  
A 353  
A 354  
A 355  
A 356 
A 357 
A 358 
A 359  
A 360 
A 361  
A 362 

A 3 6 4  
A 365 
A 366 
A 367 
A 368  
A 369 
A 370 
A 371  

A 3 7 3  
A 374  
A 375  
A 376  
A 377 
A 378 
A 379  
A 3 8 0  
A 381  
A 382  
A 3 8 3  
A 384  
A 305 
A 386 
A 387 
A 3 8 8  
A 3 8 9  
A 3 9 0  
A 391  
A 3 9 2  
A 3 9 3  

n 363  

A 372  



C 
C 
38 

C 
C 
C 
39 

1 

2 

3 

4 

5 

6 

A 3 9 4  
PUNCH OUTPUT - F I N A L  CONDITIONS A 3 9 5  

I F  ( i D o N E , 2 )  GO TO 3 9  A 3 9 6  
DO=NB A 3 9 7  
PUNCH 362 ECCI  cTA1 t Eo H p  SMA? ECC, AN, FTAs AP 0 T I M E  9 TEe DO A 3 9 8  

A 399 
AUTOMATIC INCREMENTATION OF I N I T I A L  VARIABLES TO SOLVE A A 4 0 0  
BOUNDARY VALUE PROBLEM NEAR THE ONE JUST GENERATED. A 4 0 1  

MQ=MSAVE A 4 0 2  
NCH=NCH- 1 A 4 0 3  
I F  INCH.LT,O) GO TO 1 A 4 0 4  
I F  1NV.EQ-11 AF=AF+DV A 4 0 5  
I F  (NV-EQ.21 ECCF=ECCF+DV ' A 4 0 6  
IF (NV.EQ.3) F=F+DV A 407 
IF (NV,EQ.41 UE=UE+DV A 408 
GO T O  3 0  A 4 0 9  
END A 4 1 0 -  
9 * * 4 * * 4 * * t ~ 8 * f 8 9 0 8 9 * t * * ~ 8 t * * * ~ ~ * * ~  B 1  * COMPUTE PARAMETERS AND OUTPUT * B 2  
~ t 4 ~ 9 * 8 ~ * * * 8 t 8 ~ 4 4 0 * 4 * * 8 4 ~ 8 * 8 * 4 * 8 ~  € 3 3  

B 4  
€ 3 5  

SUBROUTINE OUTPUT B 6  

COPMON / I N T V A R /  TIMEIY,PINE~TOCIDX~MOOE B 8  
REAL Y ( l O O ) p P ( Z O )  B 9  

COMIJON / M A I N /  E r  HISMA, ECCeCUTv SI APOvPERt X t  W I  ERr DPRSHAM 8 7  

REAL MvLU9LGpLRoLP 8 10 

1 6 ) v L G I t  ( Y ( 7 ) r L R ) t  ( Y ( 8 ) v L M I f  ( Y ( 9 ) v A N ) r  ( Y ( l O 1 r T T E )  €3 1 2  
EQUIVALENCE ( Y ( l ) t U ) ,  ( Y ( Z ) r G ) ,  ( Y ( 3 ) t R ) t  ( Y ( 4 l v M ) r  ( Y ( 5 I r L U ) q  I Y f  8 1 1  

EQUIVALENCE ( P ( 1 ) ~ F l t  I P ( Z ) , U E )  8 1 3  
DATA P I  / 3 . 1 4 1 5 9 2 6 5 3 5 8 9 7 9 3 /  8 14 
E= e 5+U*U-1 a 0 / R B 16 
H=R*U*COS(G) B 16 
SMA=l r .O/ (Z*O/R-U*U)  B 1 7  
ECC=SQRT:l.O-H*H/SMA) B 18 
PER=SMA+( l *O-ECC)  B 19 
APO=SMA*(l.O+ECCI B 20 
X = AT AN I L G / ( U xXL U 1 I B 2 1  
IF (LU.LT.O.0) X=X+PI  B 2 2  

1+R*U)-U/Rl)tLR*U*SIN~G)-F*(l~O+LM/UE) B 2 4  
W 1  ER=-F*LU/ (M*COS ( X  1 ) B 2 5  
XD=X*DPR B 2 6  
GD=G*DPR B 2 7  
AND=AN*DPR B 2 8  
I F  (XD.LT.180.) GO TO 2 B 2 9  
XO= XD-360. B 3 0  
GO T O  1 8 3 1  
I F  (XD-GT-- lBO.) GO TO 3 0 3 2  
XO=XD+360. B 3 3  
GO TO 2 B 3 4  
IF (AND.LT.180.) GO T O  4 B 3 5  
ANDzAND-360, B 3 6  
GO TO 3 B 3 7  
I F  [AND.GTe-180.) GO TO 5 0 3 8  
AND=AND+360. B 39 
GO T O  4 B 4 0  
W R I TE R I M r S 'p HAM t AP 0 8 AN 0 9 SM A 1 ECC 8 4 1 

1 WIERtPER B 42 
FORMAT ( 1H 3 B F l O  5 8 F 10.7 t F l o e  5/ 1 H  I 8F10.5, F 10.7 I F 10- 5/) B 43 
RETURN B 44 
END B 45- 

HAM= LU * 1 F *Cfl S i X 1 / P-S I N i G 1 / ( R *R I 1 +L G* I F* S I N ( X 1 / ( M* U 1 - C  0 S ( G 1 * ( 1 * 0 / R 8 2 3 

( 3 9 6 XD 9 E 9 H p U I GD L U 9 L C LR t L M t C U T p 



C 
C 
C 
C 
C 

C 
C 

C 
C 

C 
C 

C 
C 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C 

z t **4 8 ** 7. t s 4: * # * *. * $6 8 * z 08 * * 0 t * * * ** * ip 0 z e** z 
* NORMAL-TANGENTIPL ECUATIONS OF MOTION* ** 8* 1(: 4 4 *< 4 ** * **8 * * ** 3 * * 8 4 *I7 * * * z ** * * x. z * * z * 

Z = TIME9 DX = STEP LENGTH, P = VECTOR OF PARAMETEXS9 
Y = DEP- VARee DER = VECTOR OF DERIVATIVES OF Y-S. 

SUBROIJTINE NONLIN IZIDXIP) 
REAL P ~ Z O ~ r Y I 1 0 0 ~ ~ D E R 1 1 0 0 ~  
REAL 
COMMON /KUTTA/ DEReY 
EQUIVALENCE (Yfl)rU)~ (Y(2)vG)r (Y(319R)t (Y(4)phlll)i IY(5)tLU), 

1 4 9  LUe LG SLRO LM 

1 6 )  cLG) e (Y(71 rLR) B (Y ( 8 )  ,LEI) I (Y ( 9 )  P A M )  9 ( Y l  1 0 )  *TE) 

200 

c 1  
c 2  
c 3  
C G  
c 5  
C 6  
c 7  
C 8  
c 9  

(Y( c 10 
c 11 
c 12 

COMPUTE USEFUL COPB I NAT IONS. C 13 
F=P11) C 14 
UE=P ( 2  I C 15 
OPP=LG/U C 16 
HYPOT=l.O/SGRT (OPP**Z+LU*>X2) C 17 
XCOS=L LvHY POT C 1 8  
XSI N=OPP*HYPOT C 19 
GCOS=COSlG) c 20 
G S I N= S I N ( G ) c 21  
FT=F*XCOS/M c 22  
F N = F * X S I PI / ( Y *U 1 C 2 3  
RR= 1 a O/R C 24 
DTA=U*GCOS*RR C 25 
RRZ=RR*RR C 26 
RUKZ=RRZ/U C 27 

c 28 
COMPUTE VELCCITYt FLIGHT PATH ANGLE, RADIUS AND MASS DERIVATIVES. C 29 
DER ( I )=FT-RRZ*-GS I N C 30 
DERIZ)=FN-RURZ*GCOS+DTA C 31 
0 E R I 3 1 = U ZcG S I N C 32 
DER 14 1 =-F/UE c 3 3  

c 34  
COMPUTE DERIVATIVES OF LAI-!DDA-S ASSnCfATED WITH ABOVE VARIABLES. C 35 
DER(S)=LG*fFN-RUR2+GCOS-OTA)/U-LR*GS IN C 36 
D E R ( 6 ) = L U + R R Z ~ G C O S - L G * [ R U R Z - l J ~ ~ R R ) * G S I t ~ - L ~ ~ ~ U * ~ C O S  c 37 
D E K ( 7 ) = - 2 . 0 ~ L U * R R 2 * K R * G ~ I N - L G ~ ( 2 . O ~ R U R Z ~ ~ C O S - D T A l ~ ~ ~ R  C 38  
DER(Pl=(LU*FT+LG*FNl/M c 39 

C 40 
COMPUTE DERIVATIVES OF TRUE ANOMOLY, TOTAL EFFORT AND Tt1RUST ANGLE C 41 
DER(9)=DTA C 42 
DER [ 10 ) =F c 43 
DER(llI=O.O c 44 
DER(1Z )=O.O c 4 5  
RETURN C 46 
END c 47- 
~ i p * z t * * * * t ~ * * a 8 Q i p I Q * z 4 z * * ~ * * 4 * * i p * * * z t 4 8  D 1  
DRIVE A FUNCTION OF A N  INTEGRAL TO ZERO D 2  
~ z 4 * 8 t 4 0 * * * ~ i p * Q * z * * * * ~ * * ~ * * ~ * ~ * * * t * * ~ ~ : *  0 3  

CONFUN = 

OLD = 
NEW = 
DXO = 

ZTOL = 
DIFEQ = 

FUNCTICN SURR. WHICH COqPUTES THE VALUE OF THE FUNCTION 
TO BE DRIVEN TO ZERO. 
OLD VALUE OF THE FUNCTION BEFORE SIGN CHANGE. 
NEW VALUE OF THE FUNCTION AFTER SIGN CtIAYGE. 
INTEGRATION STEP LENGTH THAT CAUSED FUNCTIOX VALUE TO 
CHANGE FROM OLD TO NEW. 
DESIRE0 PAXXIMUM DEVIATION OF FUNCTION FROM ZERO. 
SUBROUTINE WHICH COMPUTES DERIVATIVES OF STATES DESCRIB- 
ING THE SYSTEM. SEE INTEGRATION SUBROUTINE *RUNKUT*. 

SUBROUTINE CONVERG ( C O N F U N I O L O ~ N E W , D X O ~ Z T O L ~ O I F ~ Q )  
*Q****t****t**8*** 
COMMON /IMTVAR/ TIMEpY,PpNE*TOL,DUMMY,DUM 
REAL Y(lOO)tPI20)rVEW 
MOOE=5 
DX=DXO 
DO 1 I=lrlO 
DX=NEW+OX/ICLD-NEd) 
OL 0 =NE H 

D 4  
D 5  
D 6  
0 7  
0 8  
D 9  
D 10 
D 11 
0 12 
D 13 
D 1 4  
D 15 
D 16 
D 17 
D 18 
D 19 
0 2 0  
D 2 1  
D 22  
D 23 



1 

2 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C A L L  R U N K U T  
NEW=CONFUN(  T I ! A €  0 Y t P )  
I F  I A B S ( N E W ) e L T o Z T O L )  2 9 1  

( T I M E  Q Y  .a P t  D I  F E Q s  N E  P T O L  v DXI MODE f 

C O N T I N U E  
R E T U R N  
OLD=O,O 
NEI.I=O * 0 
RE T U R N  
E N D  
F U N C T I O N  S W I T C H  ( T I M E t Y e P )  
R E A L  Y [ l O O ) : P [ 2 0 )  
S W I T C H ~ S Q R T ~ ~ Y ~ 6 ~ / Y ~ l l ~ * * 2 ~ Y ~ 5 ~ * ~ 2 ~ ~ Y l 4 ~ * ~ l ~ O ~ Y ~ 0 ~ / P ~ 2 ~ ~  
R E T U R N  
E N D  
F U N C T I O N  C U T O F F  I T I  ME, Y t  P) 
R E A L  Y I 100 ) v P 2 0  1 
C U T O F F = S Q R T  ( LY 16 I / Y  ( 1 )  ) * * 2 + Y  (5 ) * * 2 ) - Y (  4 )  
R E T U R N  
E N D  * * 98 *Q * * 4 4* + * * ** f >> Q * * ** I Q + * * 8 *9* Q * * %% 

Q U A S I L I N E A R I Z A T I O N  CONTROL S U B R O U T I N E  * 
Q * t I * * * ~ C ~ * f j * * ~ * t + % * * Q * 4 * * * I ~ * * f 4 * *  

B Y  R. G. BRUSCH 1 1 / 2 5 / 6 8  

T H I S  S U B R O U T I N E  C O N T R O L S  T H E  G E N E R A T I O N  OF A S O L U T I O N  TO A S E T  O F  
N N O N L I N E A R  O R D I N A R Y  F I R S T  ORDER D I F F F R E N T I A L  E Q U A T I O N S  W I T H  
B O U N D A R Y  C O N D I T I O N S  D E S C R I B E D  A T  T H E  F I N A L  A S  WELL A S  T H E  I N I T I A L  
P O I N T .  T H E  S O L U T I O N  T O  T H E  l v O N L I N E A R  P R O B L E M  I S  G E N E R A T E 0  A S  T H E  
L I M I T  OF A S E R I E S  Of' S O L U T I O N S  T O  A C O N Y E C T E D  L I N E A R  PROBLEM.  

T H E  M E T H O D  U S E D  I S  Q L i A S I L I l l E A R I Z A T I O N .  

R E F E R E N C E ?  * A  M O D I F I E D  C U h S I L I N E A R I Z A T  I O N  M E T H O D  FOR S O L V I N G  
T R A J E C T O R Y  O P T I t 4 I Z A T I O N  P R U B L C M S * t  J A Y  M e  L E h A L L E N ,  
A I A A  J O U R N A L ,  VUL.  59 N O -  50 ( Y A Y p  1 9 6 7 1 9  P P  9 6 2 - 9 6 5 .  

*QUAS I L I N E A R I Z A T I O N  A N C  N O Y L I Y C A R  ROUNDARY V A L U E  
P R O B L E M S Q r  R e  B E L L M A N  AND R e  K A L A E A ?  1 9 6 5 .  

* S O L U T I O N  C F  V A R I A T I O N A L  P R O B L E M S  L i I T H  BOUNDED C C N T R U L  
V A R I A B L E S  BY MEANS OF T H E  G F r X E R A L I  Z E D  NEWTON-RAPHSON 
METHOE*, BY P. K E N N E T H  A d D  G. E. T A Y L O R 9  I N  * R E C E N T  
ADVANCES I N  O P T I M I Z A T I O N  T E C H N I Q U E S * ' t  E D I T E D  B Y  L A V I  
AND VDGL.  

D I S C R I P T I C N  C F  V A R I A B L E S  * Q * * ** * ** $88 * ** * * Q*  * at* * 4.4 
P A R  

N S  
N 

M 
I A  
I T F  
LD 

N I T  
P C  

= A V E C T O R  C F  P A R A M E T E R S  U S E D  I N  I N T E G R A T I O Y .  1-6 RESERVED.  
T H E  F I R S T  6 V A L U E S  P U S T  C O N T A I N  T H E  F O L L O W I N G ,  I N D E X  = 

= NO, OF S T E P S  I N  T I M E  C U R R E N T L Y  B E I N G  USED. 1 
= NUMBER OF F I R S T  ORDER D.E. ( 1 S T  M H A V E  KNOWN 1.C.) 2 
= NUMRER OF S T A T E  V A R I A B L E S  
= NUMBER OF KNOWN S T A T E  V A R I A B L E  I N I T I A L  C O N D I T I O N S ,  3 
= NUMBER OF *BANG-BANG+ C O N T R O L S  T I M E S  3 4 
= OQ I F  F I N A L  T I M E  I S  F i X E D ,  = 1 I F  F I Y A L  T I M E  I S  F R E E .  5 
= H A X -  NO. C F  T I M E  S T E P S  F O R  W H I C H  S T A T E S  C A N  BE S T O R E D -  6 

= M A X I M U M  NUMBER O F  COtHPLETE I T E R A T I O N S  ALLOWED F O R  CONVERG. 
= T H E  PAX. P E R C E N T  C H A N G E  I N  I N I T I A L  V A L U E S  TO B E  BLLOWED, 

T H E  P E R C E N T A G E  I S  B A S E D  0% T H E  MAX. ABS. V A L U E  O F  T H E  
V A R I A B L E  O V E R  I T S  RANGE.  H I G H  P C T  Y I E L D S  R A P I D  CONVERG. 
LOW PCT.  L E S S E R S  PRODAB.  OF U N C O N T R O L A B L E  D I V E R G E N C E .  

201 

D 24 
D 25 
D 26 
D 27 
D 28 
D 29 
D 30 
D 31 
D 32- 
E 1  
E 2  
E 3  
E 4  
E 5- 
F 1  
F 2  
F 3  
F 4  
F 5- 
G 1  
G 2  
G 3  
G 4  
G 5  
G 6  
G 7  
G 8  
G 9  
G LO 
G 11 
G 12 
G 1 3  
G 14 
G 15 
G 16 
G 17 
G 18 
G 19 
G 20 
G 21 
G 22 
G 23 
G 24  
G 25 
G 2 6  
G 27 
G 2 0  
G 29 
G 30 
G 31 
G 32 
G 33 
G 34 
G 35 
G 36 
G 37 
G 36 
G 39 
G 4 0  
G 41 
G 42 
G 4 3  
G 4 4  
G 45 
G 4 6  
G 47 



202 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
c 
C 

C 
C 

1 

C 
C 

C 
C 

T O L  = MAX V A L U E  O F  T H E  SUM OF’ (MAX.  D E V I A T I O N S  OF T H E  S T A T E S  G 48 
F R O M  T H E  S T A T E S  ON T H E  P R E V I O U S  I T E R A T I O N )  G 49  
U S E D  TO T E S T  F O R  CONVERGENCE C O M P L E T I O N .  G 50 

E S T I M  = E S T I M A T E  OF F I I d A L  T I M E  ( A S S U M M E D  F R E E )  G 5 1  

DIFFX = G 53 
D f F F L  = U S E R  W R I T T E N  S U B R O U T I N E S  D E F I N I N G  L I N E A R I Z E D  E Q U A T I O N S  G 5 4  
B O U N D  = AND C O N S T R A I N T  P R O P E R T I E S .  G 55  
X = A V E C T O R  OF CURRENT S T A T E  A N D  A L G E B R A I C  V A R I A B L E S  G 56 

( N  S T A T E  V A R I A B L E S  F O L L O W E D  BY I &  A L G E B R A I C  V A R I A B L E S ) .  G 57 
A S  S O L U T I O N  IS D E V E L U P E D ,  S U C E S S I V E  V A L U E S  (WRT. T I M E )  ARE G 58 
S T O R E D  I N  X O L D  M A T R I X ,  G 59  

X O L D  = A M A T R I X  C F  S T A T E  AND A L G E B R A I C  V A R I A B L E S  E V A L U A T E D  A T  N S  G 6 0  
T I M E  I N T E R V A L S  W H I C I i  P R O V I D E S  T H E  S U B R O U T I N E  W I T H  A N  G 61 
I N I T I A L  S O L U T I O N  W I T H  W H I C H  T O  WORK. G 62 

G 63 
U S  E G 6 4  *** G 65 

AND D I F F L v  B Y  M O D I F Y I N G  SUBR. B O U N D *  AND B Y  G E N E R A T I N G  A G 67 
R E A S O N A B L E  A P P R O X I M A T I O N  T O  T H E  S O L U T I O N  ( X O L D )  AND B Y  C A L L I N G  G 68  
QUASI W I T H  T H E  P E R T I N E N T  S E T  O F  PARAMETERS.  

C O N S T  = A V E C T @ R  CF C O N S T A N T S  N H I C H  E N D  P O I N T  C O N S T R A I N T S  M U S T  =. G 52 

T H E  U S E R  D E S C R I B E S  H I S  P A R T I C U L A R  P R O B L E Y  B Y  S U P P L Y I N G  SUBr(o D I F F I  5 66 

S U B R O U T I N E  OUAS I I P A R I N I T ~ P C ~ T O L I  E S T I M r  CONST,  D I F F I  (BOUND 1 ** * ** 4c * fr *9 3. * 
R E A L  X 1 1 0 0 ) ~ C O N S T ( 1 0 ) ~ U P D A T ( l 0 ~ ~ D E R ( l O 0 ~ ~ V A R ’ 4 A X ~ l O ~  
R E A L  

0 * * 
X O L D ( 6  9 1000 1 v P A R  [ 20 1 t ERR ( LO 1 t DUMMY ( 100 1 p NEktER 

COMMOW / I O L D /  X O L D  

E X T E R N A L  O L S U B  
COMMON / K U T T A /  DERoDUMMY 

S E T  U P  C O N S T A N T S  FOR T H I S  C A L L -  
N S = P A R (  1 )  
N = P A R ( Z )  
M=PAR I3  ) 
I A = P A R  1 4 )  
I T F = P A R f 5 1  
N A = P A R l 1 0 )  
N V E C T z N - M  
N V A R = ( N V E C T + l ) * N + h A  
N U P = N - M t  I T F  
N S T = N +  I A 

U P D A T l I  )=O.O 
U P D A T ( N - M + l l = O , O  
R H O = l . O E + 5 0  

CMAX= 1.0 
F R A C T = O  a 0 
I D I V = O  

DO 1 I = l r N U P  

R H O L D = l e O E + 5 0  

IF 
IF 
IF 
I F  
IF 
I F  
I F  
I F  

T E S T  F O R  A N  I M P R O P E R  C A L L .  I F  YES,  STOP.  
(N.LT.2) S T O P  7 0 1  
(M.LT.1) S T O P  702 
I N S e L T e l )  S T O P  703  
(M.GE.1~) S T O P  705  
[ N I  T q L T ,  l )  S T O P  706  
(PC.CE.O.0) S T O P  707 
ITOL.LT,O.O) S T O P  710 
L E S T I M . E C e O . 0 )  S T O P  7 1 1  

S E T  L O O P  T O  I T E R A T E  NO MORE T H A N  W I T *  C O M P L E T E  T I M E S .  
U L Z = O  
DO 28 K R A P = K L Z * N I T  
IF (KRAP.EQ.0)  GO T O  71 

G 6 9  
G 70 
G 71 
G 7 2  
G 7 3  
G 7 4  
G 7 5  
G 7 6  
G 77 
G 7 8  
G 7 9  
G 80 
G Dl 
G 82 
G 83 
G 84  

G 8 6  

G 8 8  
G 8 9  
G 9 0  
G 91 
G 92 
G 93  
G 9 4  
G 95  
G 96 
G 97 
G 90 
G 9 9  
G 100 
G 101 
G 102 
G 103 
G 104 
G 105 
G 106 
G 107 
G 108 
G 109 
G 110 
G 111 
G 112  
G 113 

G a5 

G a 7  



C 
C 
C 
C 
C 

2 

3 

7 

C 
C 

8 
C 
C 

9 
10 
C 
C 

11 
C 
C 
C 
C 

C 
C 

G 114 
INITIALIZE AL AND UL MATRICES FOR CONSTANT ELEMENTS, G 115 

CALL DIFFI (PAR) 

SET UP INITIAL STATE VECTOR FOR GENERATING SIMULTANEOUSLY 
A PARTI CULAR SOLUT I ON TO THE INHOMrGENE9US L INEARI ZED 
EQUATIONS (USING XOLD(Ir1) VECTOR AS THE INITIAL CONDITION) 
AND N-tJ SETS OF SOLUTION T O  THE HOMOGENEOUS LINEARIZED 
EQUATIONS (THE INITIAL COt4DITIONS FOR EACH SET OF HOMO. EQ. 
BEING ALL ZEROS EXCEPT A ONE IN PLACE OF THE INITIAL STATE 
WHICH I S  FREE TO VARY.) 

DO 2 I=l,NVAR 
IF ( I e LE-N) 
IF (1.GT.N) X(I)=OoO 

X ( I )=XOLD( I ?  1 ) 

CONTINUE 

J=I*Y+M+I 
DO 3 I=lrNVECT 

XI J)=1*0 
IF (YAeEQ.0) GO TO 5 
DO 4 I=ltNA 
X(NVAR-NA+I )=PAR( I+10) 

INITIALIZE ERROR ESTIMATI!dG VECTOR AND VECTOR USED TO SAVE 
THE M A X I M W  VALUE OF THE VARIABLES REQUIRING INIT, GUESSES. 

DO 6 I=lrN 
ERR(I)=O.O 

VARMAX(I)=O.O 
T I  ME=O s O 
XN s = N s 
DELT=ESTIV/XNS 

DO 7 I=lrNVECT 

INTEGRATE ALL EQUATIONS FORWARD TO THE TIME ESTIMATk, E S T I M -  
DO 10 I<=ZvNS 
PAR ( 1 IzK-1 

INTEGRATE EQUATIONS ONE STEP. 

CALL RUNKUT ITIMEtXrPARpDLSUB,NVAR#O*Ot DELTt 5 )  

G 116 
G 117 
G 118 
G 119 
G 120 
G 121 
G 122 
G 123 
G 124 
G 125 
G 126 
G 127 
G 128 
G 129 
G 130 
G 131 
G 132 
G 133 
G 1 3 4  
G 135 
G 136 
G 137 

G 139 
G 140 
G 141 
G 142 
G 143 
G 144 
G 145 
G 146 
G 147 
G 148 
G 149 
G 150 
G 151 
G 152 
G 153 
G 154 
G 155 

G 138 

SAVE MAXIMUM ERROR IN EACH DEPENDENT VARIABLE FROM PARTICULAR G 156 

DO 8 I=lrN G 158 
N E W E R = A B S ( X [ I ) - X O L D ( I I K ) )  G 159 
IF (NEWER,GTeERR(I)) ERR(I)=NEUER G 160 
XOLD(f,K)=X(I) G 161 

G 162 
SAVE MAX. ABSOLUTE VALUE OF VARIABLES INITIALLY GUESSED G 163 

DO 9 I=lgN G 164 
IF IABS(XII) ).GT.VARMAX(I)) VARMAXII)=ABSIX(I)I G 165 
CONTINUE G 166 
CONTINUE G 167 

G 168 
COMPUTE ERROR METRIC G 169 

RHO=Oe 0 G 170 
DO 11 I=l$N G 171 
RHO=RHO+ERR(l) G 172 

G 173 
CHECK FOR HIGH DEVIATION OF INITIAL GUESS FROM EXACT NON- G 174 
LINEAR SOLUTION WITH SAME 1.C. IF TRUE, DO NOT CHANGE G 175 

IF (KRAP.LE.l.AND.RHO.GT.lOe*TOL) GO T O  2 1  G 177 
G 178 

CHECK FOR A OIVEQGING SOLUTION. ALLOW ONLY I5 CONSECUTIVE G 179 

SOLUTION AND STORE NEW PARTICULAR SOLUTION FOR USE 0'4 NEXT ITER. G 157 

INITIAL VALUES. INTEGRATE ONCE TOWARDS NOXLINEAR SOLUTION. G 176 



204 

C 

12 

C 
C 
C 
13 
C 
C 
C 
C 
C 
C 
C 
C 

14 

15 
C 
C 
16 

17 

C 
C 

18  
19 

20 
C 
C 
21 

22 

23 

24 
25 

26 
27 
C 
C 

28 
i 

29 

30 
31 

D I VERGE NCE S + 
I F  (RIiOLD,EQ.O,O) GO T O  13 
E R A T E =  ( R H O L D - R t i D ) / R t i O L D  
I F  IERATE,GT,O,O) I D I V = O  
I F  (ERATE,GT.O.O) GO T O  13 
I D 1  V =  I D I  V a l  

F O R M A T ( / / / /  1 0 x 0  * Q U A S I L I N E A R I Z A T I O N  CONTROL SUBR. --- UNCDMT R O L  A B  
I F  ( I D I V e G E I l S )  b I R I T E  (3912) 

2 L E  S Y S T E M  D I V E R G E N C E . * / / / /  I 
I F  ( I D i V ~ G E ~ l . 5 1  GO T O  30 

COMPUTE CHANGES I N  I N I T I A L  C O N D I T I O N S  W H I C H  MOULD S A T I S F Y  
B o  C e  I F  T H E  S A K E  X D L D  E S T I M A T E  \ / E R E  U S E D  A G A I N ,  

C A L L  GOUND I X , D E R r C O N S T , P A R , U P O A T l  

HOWEVER, O N L Y  U S €  A F R A C T I O N  OF T H E S E  I N I T I A L  V A L U E  U P D A T E S .  
T H I S  WILL P R E S E R V E  CONVERGENCE E V E N  W I T H  BAD I N I T -  GUESSES.  

I F  S O L U T I O N  I S  C O f N E R G I N G  M A K E  A D J U S T M E N T S  T O  I N I T I A L  S T A T E S  
A N D  T I P €  E S T I M A T F  P R O P O R T I O N A L  TO F R A C T .  
F R A C T  I S  C H C O S E N  S O  T H A T  NO C O R R E C T I O N  WILL E X C E E D  A P E R  
C E N T  O F  T H E  YAX. A B S O L U T E  V A L U E  O F  T H A T  V A R I A B L E  O V E R  RANGE.  

C t4 A X= 1.0 E-5  0 

J= I +M 
I F  ( A B S ( U P D A T ( I ) / V A R M A X ( J I ) . G T . . C M A X )  C M A X = A B S [ U P D A T ( I ) / V A R M A X ( J ) )  
CONT I N U E  

DO 14 I = l r N V E C T  

I F  I I T F e E Q . 1 )  1 5 9 1 6  
C M A X = A M A X l I C M A X , A B S ( U P D A T ( N V E C T + l ) / E S T I N ) )  

I F  P E R C E N T  ERROR I N  L A S T  I T E R A T I O N  .GT. P C T p  R E D U C E  F R A C T .  
DO 17 I = l v N  
IF ( k B S ( E R R ( I ) / V A R M k X ( I ) I . G T . C M A X )  C M A X = A B S ( E R R ( I ) / V A R M A X ( I I l  
C D N T I  N U E  
PC T = PC *O - 0 1 
I F  ( C M A X , L T . P C T )  F R A C T = 1 . 0  
I F  ( C ~ A X e G T e P C T )  F R A C T = P C T / C M A X  

I F I K R  A P . GT e N I T - 10 e AND F R A C  T L) E Q e 1 . 0 ) FR AC T =O 8 

U P D A T E  I N I T I A L  V A R I A B L E S .  
R H O L D =  RHO 

E S T I f i l = E S T I I ? i U P D A T ( N U P ) * F R A C T  

K=M+ I 

I F  ( I T F . E Q . 1 )  1 8 9 1 9  

DO 20 I = l p N V E C T  

XOLDIK,l)=XDLD(K,l)+UPDATti)*FRACT 

T E S T  O U T P U T .  
N D = N S / 9 + 1  
K = N + I A  

F O R P A 1  (LHL) 
I F  (KRAP.EQ.0)  W R I T E  (3,221 

W R I T E  13923) K R A P p R H O , F R A C T q E S T I M ~ U P D A T ( N - M + l l  
F O R M A T ( / *  I T E R A T I O N  = * 9  15,  * RHO = * 9  €12.3, * F R A C T I O N  = * t  

2 F6.4, * T I M E  EST.  = * v  E 1 6 e 8 , *  T I M l E  U P D A T E  = *wE12.41 
DO 27 1= l r K  
IF (1eLE.M.OR.I .GT.NI 2 6 9 2 4  
W R I T E  (3,251 l X D L D l  I r J ) t J = l , N S , N D ) r X O L D (  I c N S )  r U P D A T I I - M I  
F O R M A T  ( 4 X  7 1 E 1 6  e 8 , 8 E  10.2 9 1 E  16-  89 1 E  10 o 2 1 
GO T O  27 

C O N T I N U E  
W R I T E  (3r25 1 ( X D L D (  I v J 1 J= l rNS, " ID)  , X U L D (  I 9 N S )  

C H E C K  F O R  M E T R I C  H I T H I N  T O L E R A N C L .  I F  NOT R E P E A T .  
I F  [RHO. LT.1  EL. AND. CE"tAX. L T  e T D L  AND. KRAP.  G T  e 2 ) GO TO 3 1 
C E N T  I N U E  

W R I T E  (3.291 

G 180 
G 181 
G 182 
G 183 
G 184 

G 186  
G 187 
G 1138 
G 189 
G 190 
G 191 
G 192 
G 193 
G 194 
G 195 
G 196  
G 197 

G 199 
ti 200 
G 201 
G 202 
G 203 
G 204 
G 205 
G 206 
G 207 
G 208 
G 209 
G 210 
G 2 1 1  
G 212 
G 213 
G 214 
G 215 
G 216 
G 217 
G 218 
G 219 
G 220 
G 221 
G 222 
G 223 
G 224 
G 225 
G 226 
G 227 
G 228 
G 229 
G 230 
G 231 
G 232 
G 233 
G 234 
G 235 
G 236 
G 237 

G 239 
G 240 
G 241 
G 242 
G 245 
G 244 
G 245 
G 246 
G 247 

G 185 

G 198 

G 238 

F O R M A T  ( / / / / l O X  t * & U A S  I L I N E A R  I Z A T  I O N  C O N T R O L  SUBR. --- T H E  S Y S T E M  W G 248 
2 0 U L D  N O T  C O N V E R G E  I N  T H E  A L L O T T E D  NUMBER O F  I T E R A T I D N S s * / / / / )  G 249 

E S T  I Mz-1.) 0 G 250 
P A R !  I ) = N S  G 251 
R E T U R N  G 252 
E N 0  G 253- 



C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C 
C 
C 
C 

1 

2 

C 
C 
3 

C 
C 
C 

4 

B Y  R e  Go R R U S C H  2 / 1 3 / 0 8  
M I N I M U M  T R U N C A T I O N  ERROR AS PER, 
F e  C E S C H I N O p  N U f + E R I C A L  S O L U T I O N  O F  I N I T I A L  V A L U E D  P R O B L E M S t  
P A G E S  44s 45, A N D  67. 

MODE = 5 F O R  A F I X E D  S T E P  L E N G T H  = D X  

4 T H  I N T E G R A T I O N  SO E R R / U N I T  T I M E  IS L E S S  T H A N  THE TOL, 
N O T E  T H A l  T H I S  DOES NOT N E C E S A K I L Y  G U A R A N T E E  MIEJIMUM T O T A L  ERROR 

T A K E N  I N T O  C O N S I D E R A T I C N .  
MODE S H O U L D  NOT B E  A D J U S T E D  B Y  T H E  M A I N  L I N E  PROGRAM I N  
THE V A R I A B L E  S T E P  L E N G T H  MODE. 

= 0 T O  S T A R T  I N T E G R A T I O N  W I T H  S T E P  L E N G T H  S E L E C T E O  E V E R Y  

F O R  T H E  NUMRER OF S T E P S  U S E D 9  S I N C E  ERROR P R O P A G A T I O Y  I S  N O T  

S U B R O U T I N E  R U N K U T  l X p Y p P p D I F t N D E t T O L t D X 1 M O D E )  
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H . l  
H 2  
ti 3 
H 4  
1 - 1 5  
H b 
H 7  
H 8  
H 9  
H 10 
H 11 
H 1 2  
1-1 13 
H 14 
H 15 
H 16 
H 17 
H 18 
H 19 
H 20 

C H E C K  MODE. I F  I N I T I A L L Y  ZERO, T A K E  S M A L L  S T E P S  4 T I M E S  TO S E T  
S T E P  L E N G T H  C O N P A T I B L F  W I T H  S I N G L E  S T E P  ERROR TDLERAWCE. 

MQ=O 
I F  IMODE.GT,O) GO T O  ? 
D X = , 0 0 0 1  
H=.0001 
HN= 1,OE+50 
MOD E = MO DE- 1 
GO T O  3 
I F  IMODE.EQ.5)  H=DX 
I F  ( M O D E - G T . 5 )  S T O P  

S E T  T H E  I N D E P E N D E N T  V A R I A B L E S  
X S f l ) = X  
X S ( 2 ) = X c H * 0 , 4  
X S ( 3 ) = X + H * . 6  
X S  ( 4  1 = X c H  
L = I A B S L M O D E I  

I F  I N I T I A L L Y  57 A F I X E D  S T E P  L E X G T H  = DX I S  USED. 

I N T E G R A T E  - D I F  IS A S U B R O U T I N E  W H I C H  C O X P U T E S  T H E  D / D X - S  U S I N G  
Y l - S t  X ,  H, AND P A R A M E T E R S  P 

D O  4 J = l r t ! D E  
Y l  [ J ) = Y  I J )  
DO 8 I=1*4 
CALL D I F  ( X S ( I ) t H , P )  
DO 8 J = l , N D E  
X K ( I r J ) = D E R ( J )  

DO 5 K z l . 1  
DERIJ)=O.O 

H 2 1  
H 28 
I.( 29 
H 30 
H 3 1  
ti 32 
1-1 33 
H 34 
Ii 35 
t i  36 
H 35 
H 38 
H 39 
tl 40 
H 41 
H 42 
H 43 
H 44 
H 45 
H 46 
H 47 
H 48 
H 49 
H 50 
H 5 1  
H 52 
H 53  
H 54 
H 55 
H 56 
H 57  
ti 58 



5 

C 
C 

C 
C 
C 
6 

7 

8 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
c 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C 

D E R ( J ) = D E R ( J ) + A (  I p K ) * X K ( K v J l  
I F  ( I Q L T e 4 )  Y l I J ) = Y ( J ) + H * D E R ( J )  
I F  ( L L T - 4 )  GO TO 8 
Y ( J ) = Y ( J ) + H * D E R ( J )  

SAVE Y-S AN0 T H E I R  D E R I V A T I V E S  FOR ERRDI. EVALUATION AND H ADJUST- 
I F  ( L - E Q - 5 1  GO T O  8 
I F  ( L * E Q a 4 )  GO TO 6 
Y D L D ( L t J ) = Y 1 J )  
OEROLD ( L v  J ) -DER(  J 1 
GO TO 8 

COMPUTE NEW H TO MAKE MAXIMUM ERROR LESS THAN Tl iE TOLERANCE- 
FOR 4TH ORDER RUNGE KUTTAs U N I T  ERROR IS PROPORTIONAL TO H**4. 
S T E P E R = + ( . 1 8 3 3 3 3 3 3 3 3 3 3 3 3 ~ ( Y ( J ) - Y D L D ~ l , J ) ) + ~ 4 5 * ( Y O L D ( 3 ~ J I - Y O L D ( 2 ~ J ~  

1 ~ ~ ~ ~ ~ 0 5 * ~ D E R ~ J ~ + D E R O L O ~ l ~ J ~ ~ + ~ 4 5 ~ ~ D E R O L D ~ 3 ~ J ~ + D E R U L D ~ Z ~ J ~ ~ ~ * ~ i  
I F  (STEPER.EQ.O.0) G O  TO 7 
UNI  TER=STEPER/H 
HNEW=H*(SQRT (ABS ( T O L / t i N I T E R )  ) 1 

I F  (ABS (HNEM) a LT ,HN) MC= J 
I F  ( ABS (HNEW 1 a L T -  HN) UN=UNI TER 
I F  1J.LT-NDE) GO TO 8 
X=X+H-HN 
H-HN 
DX=H 
HN=1 .OE+50 
MODE=O 
CDNT I NUE 
X=X+H 
I F  (MOOE.LT.OI GO TO 1 
I F  (;IODE .LT (. 4 )  MUDE=MODE+l 
RETURN 
E NO * * * * *< * t * * t 4 * * * * * * t * 3 f& 4 * xc * * * t Q * * t 96 4 * * t * * ?k 8 * ** $15 * %C I * * *sQ 0 * * e t  * * r; 8 * 8 * * 
COMPUTE D E R I V A T I V t S  FER PARTICULAR SULt iTION AND N - M  HOMLI. S I jLUTION * * 8 ** ** * * 8 t 9 t- * * * * 4 t * * * * * * 9; t f6 8 * *Q t * 9s 8 8 P * * * S E A .  * * * :I * * * 8 0 96 * 8 Q + 0 t *f* 9: * ip 

I F  (ABS(HNEW)eLT.HN) HN=ABS(HNEW) 

THE *N* L I N E A R I Z E D  D I F F E R E N T I A L  EQUATIONS ARE OF THE FORM, 
D ( X I J ) ) / D T  = A L ( J , I ) * X ( I )  + B L ( 1 )  ( 1 )  

WHERE REPEATED SUBSCRIPTS I P P L I E S  SUYYATION- 
X ( I )  = THE NEW ESTIMATE OF Tt'E DEPENDENT VARIABLES. 
A L I J e I )  = A MATRIX OF COEFFICIENTS WHICH ARE EVALUATED USING ONLY 

THE OLD STORED VALUES OF THE DEPENDEYT VARIABLES-  
THEY REPRESENT THE THE F I R S T  P A R T I A L  D E R I V A T I V E S  OF THE 
R I G H T  HAND SIUES OF THE NON-LINEAR D, E. WRT. THE STATE 

B L ( J I  = A VECTOR UF CONSTANT CCEF WHICH ARE EVALUATED USING ONLY 
THE OLO STORFD VALUES OF THE UEPENDENT VARIABLES. 

THE MATRIX AL AN0 VECTOR BL ARE FOUND FROX THE NON-LINE 
EQUATIDNS BY A TAYLOR SERIES EXPANSION OF THE RIGHT HAND S I D E  OF T 
1 - S T  ORDER NONLINEAR D I F F E R E N T I A L  EQUATIONS ABOUT THE OLD STORED 
SOLUTION AND RETAINS ONLY L I N E A R  TERMS OF THAT EXPANSION. 
SINCE THE RESULTING EQUATIONS ARE L I N E A R  I N  THE DEPENDENT VARIABLE 
THE BOUNDdRY CONDITIOEIS CAN BE S A T I S F I E D  I D E N T I C A L L Y  A T  EACH STEP 
BY THE P R I N C I P L E  OF SUPERPOSITION. 
T H I S  SUBKOUTIXE GETS THE VALUES FOR AL AND BL ONCE AFID 
USES THEM T C  GENERATE THE D E R I V A T I V E S  OF THE INHCIMOGENEOUS SOLUTIO 
VECTOR A S  H E L L  AS N-M HOMOGENEOUS SOLUTION VECTORS WHICH W I L L  BE 
NEED FOR THE SUPERPOSITION. THUS THE A A V O  B MATRICES ONLY 
HAVE TO BE EVALUATED ONCE INSTEAD OF N - M + l  T I M E S  I F  ALL OF THE 
SOLUTIONS WERE NOT BEING GENERATED SIMULTANEOUSLY. 
SUBROUTINE OLSUB ( T , D E L T f P A R )  
*****e********** 
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H 59 
H 60 
H 61 
H 62 
H 63 
H 64 
H 65 
H 66 
H 67 
H 68 
H 69 
H 70 
H 71 
H 7 2  
H 73 
H 7 4  
H 7 5  
H 76 
H 77 
H 7 8  
H 79 
H BO 
H 81 
H 8 2  
H 83 
H 8 4  
H 8 5  
H 86 
H 87 
H 88 
H 89 
t i  90 
t l  91 
ti 92- 
I 1  
I 2  
I 3  
I 4  
I 5  
I 6  
I 7  
I 8  
1 9  
I 10 
I 1 1  
I 12 
1 1 3  
I 1 4  
I 15 
I 16 
I 17 
I 18 
I 19 
I 2 0  
I 2 1  
I 2 2  
I 2 3  
I 24 
I 2 5  
I 2 6  
I 27 
I 2 8  
I 29 
I 30 
I 3 1  
I 32 



1 
2 
C 
C 

C 
C 

REAL T,X(100)rDER(lOO),PA~(2O)~AL(6p6)~BL(6) 
COYNON /INTEG/ ALrBL 
COMMON /KUTTA/ DERgX 
IS=PAR(l) 
N=PAR(Z) 
M=PAR(3) 
NVE CT= N-M 

GET CURRENT VALUE FOR ALP 8L 
CALL DIFFL (ISpPAR) 

MATRICES 4 

GET DERIVATIVES O F  INHOMOGENEOUS EQUATIONS 
DO 2 i = l t N  
SUM=0.0 
DO 1 J = l p N  
S U t4=S U M + A L ( I v J ) * X ( J 1 
DER( I )=SUM+BLI I ) 

GET DERIVATIVES OF XgNVECT* SETS OF HOMOGENEOUS EQUATIOMSI 
DO 5 K=l,NVECT 
KV=K*N 
DO 4 I=lrN 
SUM=O.O 
DO 3 J=LvN 
SUM=SUM+AL( I rJ)*X(J+KV) 
DER L I+KV)=SUf.I 
CONTINUE 

USER IKSERTS DERIVATIVES OF tPARI10)* NO, OF AUXILLARY 
VARIABLES WHICH ARE UNCOUPLED FROM THOSE INVOLVED IN THE 
QUASILINEARIZATION. THE FIRST I S  CALLED X( I N - M + l ) * N + l )  

OER!25)=-PAR(ZO)/PAR(19) 
RE TURN 
END 
~ * + t P + ~ ~ ~ * X t * + Q * Q * * * t * * ~ 9 * * t ~ ~ $ * * ~ ~  

THE LINEARIZED DIFFERENTIAL EQUATIONS * 
$t t **. # #  $ 4  8 9 * (9 * t * *t* tt * t * * B *tt * 98 * 
USER WRITTEN ROUTINE TO EVALUATE AL AND BL MATRIX USING THE OLD 
STORED VALUES. 

PAR = A VECTOR OF CONSTANT PARA:qETERS NEEDED F O 9  DERIVITIVE. 
XOLD(ItJ1 = THE VALUE OF THE I-TH STATE AFTER J INTEGRATION 

STEPS ( FROM LAST ESTIMATE OF THE SOLUTION) 

SUBROUTINE CIFFL (ISvPAR) 
COPMON /INTEG/ ALtBL 
C O V M O N  /IOLD/ XOLD 
COMMON /KUTTA/ DER,Y 
REAL AL(696) r B L ~ 6 ~ ~ P A Q ~ 2 0 ~ t X O L D ~ 6 ~ l ~ O O ) ~ D E R ~ 1 O O ~ ~ Y l l O O l  
REAL M+LUeLR*LG 
M=Y ( 2 5  I 
UE=PAR [ 19 1 
F=PAR(ZO 1 
U=XOLDI 1, I S  1 
G= XOLD [ 2 t I S 1 
R=XOLD13rIS) 
LU=XDLD ( 4  r I S 1 
LG=XOLD15, I S )  
LR=XCl' D (6, I S  I 
COSG=COSIG) 

COMPUTE FREQUENTLY APPEARING FACTORS. 
S I  NG=S IN [GI 
FOM=F/M 

I 33 
I 3 4  
I 35 
I 36 
I 37 
I 38 
I 39 
I 4 0  
I 4L 
I 4 2  
I 43  
I 4 4  
I 45 
I 46 
I 47 
I 48  
I 49 
I 50 
I 51 
I 52 
I 53 
I 54 
I 55 
I 56 
I 57 
I 58 
I 59 
I 60 
I 61 
I 6 2  
I 63 
I 64  
I 65 
I 66- 
J i  
J 2  
J 3  
J 4  
J 5  
J 6  
J 7  
J 8  
J 9  
J 10 
J 11 
J 12 
J 13 
J 1 4  
J 15 
J 16 
J 17 
J 18 
J 19 
J 20  
J 21  
J 22  
J 2 3  
J 2 4  
J 25  
J 2 6  
J 2 7  
J 28 
J 29 
J 30  
J 3 1  
J 32 
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C 
C 

C 
C 

C 
C 

C 
C 

C 
C 

C 
C 

C 
C 

D=(LG*LG)/IU*U)+LU*LU J 33 
SQRTD-SQRT I D  1 J 34 
D32=SQRTD*D J 35 

J 36 
UDOT EQUATION. J 37 

A L I l t l ) = F O M + L U * L G * * 2 / ( D 3 2 * U * * 3 ~  J 38 
AL[ 1,2)=-COSG/ [ R * * < 2 )  J 39 
ALI 1 r3)=2*O*SING/K*+3 J 40 
AL(1,4)=FOM*(LG/U)**Z/D32 J 41 
AL ( 1 t5 )=-FDM*LU*LG/ ( D32*U**2) J 42 

J 43 
G DOT EQUATICN. J 44 

1COSGIR) J 46 
AL12,2)=SING/(U*R**Z)-U*S~NG/R J 47 
AL(2,3)=IZ.O/[U*R*+3)-U/R**2)*COSG J 48 
ALI2r4)=-FOC*LG*LU/IO3Z~Ue*Z) J 49 
A L [ 2 , 5 ) = F O M + I L U / U ) * * Z / D 3 2  J 50 

J 5 1  
RDOT ECUAT I Obe J 52 

At ( 3 9  I 1  =SING J 53 
AL(3,2)=U*COSG J 54 

J 55 
LU DOT EQUATION. J 56 

10SG/ I U* (U+R 1 * *2  1 J 58 
A L l 4 , 2 ) = L G * ( l . / ( R * U ) * ~ 2 ~ i . O / R ) * S I N G - L R * C O S G  J 59 
A L ( 4 , 3 ) = L G * ( Z . / ( R * I R * U ) * ~ 2 ) ~ l ~ O / R * * 2 ) * C O S G  J 60 
AL 1494) =-FO!’~~LG**2*LU/ ( D 3 2 * U * * 3  1 J 61 

1 R  1 *COSG J 63 
AL14r6)=-SING J 64 

J 65 
LG DOT EQUATION. J 66 

AL(5rL)=LG*(l.O/((R*U)+*2)~.l~/R)*SING-LR*COSG J 67 
AL [ 592) = (LR*U-LU/R**2) * S  ING-LG*( 1.0/ [ R*R*U )-U/R )*COSG J 68 
AL (5,3)=-2.0*LU*COSG/R*~3+LG*( 2 . 0 /  (UIR**3 )-U/R**2 1 *SIEIG J 69  
A L [ 5 9 4 ) = C C S C / R * *< 2 J 70 
AL15r5)=-(l.O/(U~R+*2)-U/R)*SING J 71 
AL(5,6)=-U*COSG J 72 

J 73 
LR DOT ECUATIONo J 74 

AL(6~Ll=LG*I2.0/(R*lR*U)**2)tl.O/R~*2)*CDSG J 75 
ALi6*2)=AL(593) J 76 
AL16?3)=6oO*LU*SING/R**4+LG*(6eO/(U*R**4 I-2-*U/R**3)*COSG J 77 
AL l6 P 4 ) = - 2  O*SI NG/R**3 J 78 

J 80 
NON-LlKEAR TERMS. J 81 

BLIl)=FOM*LU+*3/032-3*0*S~NG/R**24G*COSG/R*~2 J 82 
B L ( 2 ) = F O M + L G + I 2 . * I L G / U ) * ~ 2 + 3 ~ O ~ L U * * 2 ) / ( D 3 2 * U * * 2 ) + ~ - 4 ~ O / ~ U ~ R * * 2 ) ~ U /  J 8 3  

lR)*COSG-G*AL I2t2) J 84 
BL(3)=-U*G*CCSG J 85 
5 L ( 4 ) = F OM*LG *as 2 * ( 2.0 * I L G /U 1 * t. 2 + 3.0 *L U * * 2 1 / [ D 3 2 6.’U* * 3 1 + 1. G* I - 4.0 / I R *U 8 6 

1)**2-1.O/RI+COSG-G*AL(4rZ) J 87 
B L ( 5 1 = - 3 ~ O ~ L G * S I N G / ( U * R * * 2 ) ~ I 2 ~ O * L U / R * * 2 + L R * U ) * C ~ S G - G ~ A L ( 5 ~ 2 )  J 88 
BL(6)=-LG*(6./(U*R**3)-U/R**2)*CDSG-6.*LU*SI~G/R**3-G*AL(6tZ) J 89 
RETURN J 90 
END J 91- 

A L ( 2 ~ 1 ) = - F D ~ * L G e ( L G * * 2 t Z ~ O * ( L U * U ) * + 2 ) / i D 3 Z * U ~ * 5 ) ~ ( C ~ S G / ( I R * U ) * * 2 ) +  J 45 

A L ( 4 r l ) = - F O ~ * I L G * * 2 ) + ( 2 ~ O * ~ L G / U ) ~ * 2 + 3 ~ O * L U * * 2 ) / ( ~ 3 2 * U * ~ 4 ) ~ 2 . O + L G * C  J 57 

A L ~ 4 ~ 5 ~ ~ F O M * L G * ~ ~ L G / U ~ * ~ ~ 2 ~ 2 ~ O ~ L U * ~ 2 ~ / ~ D 3 2 * U * * 3 ~ ~ ~ l ~ O / I R * U ~ * ~ 2 ~ l ~ O /  J 62 

A L I 6 t 5 1 = - ( 2 . O / I U * R * * 3 ) - U / R + x 2 ) * C O S G  J 79 

J 



C 

1 
C 

C 
C 
C 
C 

C 
C 
C 

4 

8 

S U B R O U T  [ N E  D I F F  I ( P A R )  
COCMON / I O L D /  X O L O  
COMMON / I N T E G /  A L o B L  
R E A L  \L (696)  r 1 3 L I  6 1 9  P A R  ( 2 0  I , X O L O (  6910001 
N = P A R (  2 )  
M = P A R ( 3  1 

DO 1 I = l r N  
B L ( I ) = O e O  
DO 1 J = l p N  
A L ( I 9 J ) = O a O  

R E T U R N  
E N 0  ** * t* * * t; 9 ** * 8 * ,r E-, * 9 ** * >% 9. * 4 j6 * 9.c %C * * * E-, * * * % Ir ** 
E N D  P O I N T  S U F F I C I E N C Y  C O N O I T I O Y  T E S T  * 
**9 e * * * * Q * * * * * $ 7  * * ** * * * c * Q Q * * ** * * * * * * ir * 4 * 

K 
K 
K 
K 
K 
K 
K 
K 
K 
K 
1: 
K 
K 
K 
K 
K 
K 
K 
K 
L 
L 
L 
L 
L 

S U B R O U T I N E  F O C A L  ( P A R I N I T ~ P C T I T O L I E S T I M , C ~ ~ ~ S T ~ D I T F I ~ F I ~ ~ I X E D ~ C O N S T ~ T ~  L 
1 I D v D )  L 

R E A L  X O L D ~ 6 v l D 0 0 ) ~ P A R ( 2 0 ) 1 C O N S T ( l O ~ ~ S A V O  L 
R E A L  P A R T W O t 1 0 9 1 0 i f P H I ~ 1 0 9 1 0 ~ , ~ ~ ~ ~ ~ 1 0 1 ~ X S ~ 1 0 ~  L 
I N T E G E R  I C O N S T ( l O 1  L 
COMVOW / T O L D /  X U L D  L 
N S = P A R  ( 11 L 
N = P A R ( Z )  L 
M = P A R ( 3 )  L 
I T F =.P A R I 5 1 L 
N T C = N - M + I T F  L 

L 
G E T  NO, OF V A R I A B L E S  I N V O L V E C  I N  C O i l S T R A I N T S ,  N O -  OF L 
I N D E P E f g D E N T  V A R I A a L E S  I N V O L V E D  I N  C O N S T R A I N T S 9  L O C A T I O N S  OF L 
E A C H 9  2 N D  P A R T I A L  D E R I V A T I V E S  O F  G t  A N D  P H I  C O ; J S T R A I N T  M A T R I X  L 

C A L L C O N  S T  R T  I L s P A R  t N V  F N I F I C O N  S T I P AR T LiO 9 P ii I ) L 
L 

G E N E R A T E  P A R T I A L  D E R I V A T I V E S  O F  L A Y B D A  F I N A L S  HRT. D E P E N D E N T  L 
A N D  I N D E P E N D E N T  V A R I A B L E S  I N V U L V E D  I N  C O Y S T R A I N T S .  L 

W R I T E  ( 3 9 1  1 f ( P A R T ' r l O (  JI I )  t I = l , N V I  9 J = l f N V I  L 
F O R M A T  1 3 E 1 6 . 8 1  L 
W R I T E  ( 3 9 2 )  ((PHIlIiJ)rJ=1,NI),I=I,NV) L 
F O R M A T  ( / fE16.8)  1 L 
DO 3 f = l r N  L 
S A V ( I I = X O L D ( I I N S )  L 
T I  M S A V = E S T  I IC L 
DO 4 I = l r N  L 
X S ( I ) = X O L D ( I  r l )  L 
I F  ( N V a G T e N T C )  S T O P  40 L 
DO 10 I r l t N V  L 
D O  7 J = l r N V  L 
C O N S T ( J ) = S A V ( J )  L 
I F  1 I . E Q . J )  597 L 
C O N S T ( J ) = S A V I J ) * ( l . O c D )  L 
D E N O M = S A V ( J I * < D  L 

L 
TEST F O R  E N D P O I N T S  N E A R  ZERO.  L 

IF I A B S ( C O N S T ( J ~ ) . L T . ~ O O l )  697 L 
C O N S T ( J ) = S A V ( J ) + . O l  L 
DENOM=. 0 1  L 
C O N T I N U E  L 
C A L L  QUASI  ( P A R ~ N I T ~ P C T ~ T O L ~ E S T I M i C O N S T I D I F F I I F F I ~ F I X E O )  L 
I F  (ESTIM.LT,O.O)  I O = O  L 
I F  I E S T I M ~ L T . 0 ~ 0 )  R E T U R N  L 
NH=N/2 L 
K=O L 
DO 9 L= l tNI - :  L 
I F  l I C O N S T l L ) . N E . O )  899 L 
K=K+1 L 

i 
2 
3 
4 
5 
6 

B 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19- 
1 
2 
3 
4 
5 
5 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
1 1  
18 
17 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
4 2 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 

r 
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9 

10 

C 
C 

11 
1 2  

13 
14 

C 
C 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C 

C 
C 
C 
C 

P A R T W O I K ~ I ) = P A R T W C ~ K ~ I ) + ( X O L D ( L 9 N W p N S ) - S A V ~ L ~ N H ~ ~ / D E N O M  
C O N T I N U E  

E S T I M = T I  MSAV 
IF I K e G P o N V )  S T O P  42 

D O  10 K=I.IN 
X O L D l K v l ) = X S ( K )  
W R I T E  ( 3 r l )  ( ( P A R T W O (  Jt 1 ) p  I= 1 9 N V  1 t J = l ?  N V )  

P O S T -  A N D  P R E - M U L T I P L Y  BY P H I  
D O  1 2  I = l p N V  
DO 12 J = l , N I  

DO 11 K = l , N V  
SUM=SUM+PARTWO( I , K ) * P t i I ( K , J )  
A (  I r J ) = S U V  
D O  14 I = l , N I  
DO 14 J = l , N I  
SUM=O.O 
DO 1 3  K = l v N V  
S U M = S U M c P H I ( K , I ) t A ( K I J I  
P A R T W O (  I r J ) = S U M  
W R I T E  ( 3 9 2 )  ( ( P A R T ~ ~ O l J , I ) r I = l , N I  ) , J = l , N I )  

SUM=O.O 

C H E C K  D E F I N I T E N E S S .  
C A L L  D E F I N I T  ( P A K T W O p N I r  I D )  
R E T U R N  
E N D  
n 0 9 * t** n * * It t 9 Q Y& * * * 9 9 * 5,  t 9 t* xc t 4 9 I'i 4; 9 * g * 9 9 ** 
C O M P U T A T I C N  OF R E A L  V A R I A B L E  C O N S T R A I N T S  9 ** n * 4 t 0 9 8 t << t t 1 f 96 * 10 * 9 4c 9 * * *9 9 t 4 * 9* f *+ 9 h * * 9 

K S  = 1 F O R  A N C R M A L  C A L L  F R O M  F O C A L  
P A R  = A V E C T O R  OF P A R A M E T E R S  A S  G E S C R I B E D  I N  Q U A S I .  
N V A R  = T H E  N U M B E R  OF V A R I A B L E S  I N V O L V E D  I N  T H E  C O N S Y ? A I N T S ,  
N I  = T H E  I\!UMBER O F  I N D E P E N U E N T  V A R I A B L E S  I N V O L V E D  I N  C O N S T R A I N T S  
NC = NO. O F  C C N S T R A I N E D  V A R I A B L E S  = NO. OF C O N S T R A I N T S .  
I C O M S T  = 1 I F  X I J )  I S  A DE-PENDENT V A R I A B L E  I F I  A COf ISTRAIFdT.  

= 2 I F  X ( J )  I S  A:< U N C G ; 4 S T R A I h E D  V A R I A B L E  I N  C O N S T R T .  
= 0 O T H E R W I S E  

P A R T W O I 1 , J )  = V A L U E  OF S E C O N D  P A R T I A L  D E R I V A T I V E  O F  G W I T H  R E S P E C T  
T O  T H E  I - I H  A h D  J - T H  V A R I A B L E  I Y V O L V E D  I N  T H E  
C O N S T R A I N T S ,  T I i E  M A T R I X  I S  O R D E l t E O  S O  T H A T  A L L  
D E R I V A T I V E S  WRT T H E  D E P E N D E N T  V A R I A B L E S  A P P E A R  I N  
T H E  U P P E R - L E F T .  ( W I T H  I A N D  J a L T *  N C )  

U N C O N S T R A I N E D  V A R I A B L E S .  C O N ( 1 )  = P H I ( I v J ) * U N C O N ( J )  
P H I ( I t J )  = A M A T R I X  R E L A T I N G  C O N S T R A I N E D  V A R I A B L E S  T O  T H E  

S U B R O U T I N E  C O N S T R T  I K S p P A R t N V A R t N I ,  I C O N S T , P A R T W O s P H I )  
t * t n * 9 * t t * * t I * t t * *  
R E A L  P A R I Z O )  ~ P A R T W O I ~ O ~ ~ O ~ I P H I ~ ~ O ~ ~ O ~ ~ X O L D ~ ~ ~ ~ O O O ~ I P A R C D ~ ~ O I ~ O ~  
R E A L  P A R C I I 1 O ~ l O ) ~ P A R C D I ~ l O ~ l O ~ ~ X ~ l O )  
I N T E G E R  I C O h S T I l O )  
CDMMON / I O L G /  X O L O  
R E A L  M U 1  ,MU2 
R E A L  L G t L R  
N S = P A R I l )  
N = P A R  I 2  ) 
U S E R  L O A D S  I C O N S T ,  P A R T W O ?  PARCD,  A N D  P A R C I  HERE. ** * 8 * * * * r: * * 4 n t 0 * * t * 0 9 * t * 4 16 ** *t +* * t * 9 %C * * t * *et * t 4: 0 0 

CHOOSE U A N D  G T O  BE I N D E P E N D E N T  
U = X O L D [ l , N S )  
G = X D L D  I 2  t N S  ) 
R = X O L D I 3 r N S )  
L G = X O L D I S r N S )  
L R = X O L D  [ 6 , N S  1 

L 55 
L 56 
L 57 
L 58 
L 59 
L 60 
L 61 
L 62 
L 63 
L 64 
L 65 
L 66 
L 67 
L 68  
L 69 
L 70 
L 7 1  
L 7 2  
L 73  
L 74  
L 75 
L 76 
L 77 
L 78 
L 7 9  
L 80 
L 81- 
M l  
M 2  
M 3  
I4 4 
M 5  
M 6  
w 7  
M E  
M 9  
M 1 0  
M 11 
M 12 
M 13 
M 14 
M 15 
M 16 
M 17 
1'1 1 8  
M 19 
M 2 0  
M 21  
M 2 2  
M 23 
M 24 
M 25 
M 26  
M 27 
M 28 
M 29 
M 30 
M 31 
M 32 
M 33 
M 34 
H 35 
M 36 
M 37 
M 38 
M 39 
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M 40 
M 41 
M 42 
M 43 
M 44 
M 44 
M 46 
M 47 
M 48 
M 49 
M 50 
M 51 
t4 52 
M 53 
M 54 
M 55 
M 56 
M 57 
M 58 
M 59 
F: 60 
I.( 61 
M 62 
M 63 
M 64 
M 65 
M 66 
M 67 
M 68 
M 69 
M 70 
H 71 
M 72 
M 73 
rl 74 
M 75 
M 76 

M 78 
M 79 
M 80 
M 81 
M 82 
M 83 
FE 84 
M 85 
M 86 
M 87 
M 88 
M 89 
M 90 
M 91 
M 92 
M 93 
M 94- 

).I 77  

C 
C 

C 
C 

C 
C 
C 

1 
C 
C 

2 
3 
C 
C 

4 

PARTWO 
PARTWO 
PARTWO 
PA R TI40 
PARTWO 
P A R T HO 
ICONST 
I CONST 
I CONST 
ICONST14)=0 
ICONST(51=0 
I C O N S T  ( 6 1 = O  

COMPUTE PARTIAL DERIVATIVES OF CONSTRAINTS WRT. DEPENDENT V 
PARCD(Lpl)=U 
PARCDllvZ)=O~O 
PARCD ( 2  9 1 )=R*COS (GI 
PARCD(Zr2)=-R+UtSINIG) 

COMPUTE PARTIALS OF CONSTRAINTS WRT. INDEPENDENT VARIABLES. 
PA2CI (l,l)=l.O/R**Z 
PARCI 129 1 )=U*COS(G) ** 9 * * t * * 6 * * * t * s s  *: 4 to t a* t 4 4 * Ir t 9 t * * 4 t 0 t t r; 6 * t * ** 15 0 >%15 * 

SET NCv NVARi AND N I .  
NC=O 
NVAR=O 
NI =O 

I F  (ICCNSTII ).NE.O) NVARzNVARil 
I F  IICONSTII).EQ.11 N t = N C + l  
IF (ICONST( I ).EC.2) NI=NI+l 
CON T 1 NU E 

DO 1 I=lpN 

COMPUTE PHI = -PARCDlINVERSE)tPARCI 
KC=NC 

IF tKC.NE.NC) S T C P  31 
CALL SIMEQ IPARCDIXIKC~PARCDI~X) 

DO 3 I=lrNC 
DO 3 J=LsNI 
SUM=O.O 
DO 2 K=lrNC 
SUM=SUM-PARCDI ( I ,K)*PARCI I K p  J 1 
PHI(I*J)=SUt' 

FILL OUT LAST ROWS OF PHIlIvJ) W I T H  IDENTITY MATRIX. 
DO 4 I=lrNI 
DO 4 J=lvNI 
PHI(NC+IsJ)=O-O 
I F  I1eEQ.J) PHiINC+IrJ)=l.O 
CONTINUE 
RETURN 
END 

AR 



C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

1 
C 
C 
C 
C 
C 
C 

C 
C 

f 

WHERE HPAR = 

KS = 

HFIN = 

UPDAY= 

DELH = 

A MATRIX OF PARTIAL DERIVATIVES OF THE TERMINAL 

NUMBER OF VARIABLES INVOLVED IN THt CONSTRAINTS. 
CDNSTRAiNTS HIJlq 'ART. THE STATES CONSTR.[N-M+l X K S )  

A MATRIX WHOSE FIRST N-M COLUMNS CONIA'IN THE K S  
FINAL VALUES OF THE CONSTRAINED VARIADLES RESULTING 
FROM EACH OF THE HOMOGENEOUS SOLUTIONS. 
THE LAST COLUMN CONTAINS THE DERIVATIVES OF THESE 
VARIABLES EVALUATED AT THE END POINT, (KS X N-M(-1) 
A VECTOR OF CHANGES T O  BE MACE IN THE INITIAL GUESSES 
DELTA-T FINAL IS THE LAST ELEMENT. (N-Mcl) 
T E R t4 I N AL I N- M+ L 1 BOUND A RY CON D I T I 0 N D I S SAT I S F ACT I ON S . 

IFINhL= DESCRIBES POSITION OF FINAL CONSTRAINED STATES IN X-VECTOR 

SUBROUTINE BOUND lXpDER,CONSToPAR,UPDATl 
REAL X(lO0) *DER( 100) *CONST( 10)  9HPAR( lOslO)~HFIN( lOtlO)vH( 101 10) oPA 
lR(20) 
REAL DELHI 10 1 ,UPDAT 110) 
INTEGER IFINAL(10) 

N=PAR ( 2 1 
M=PAR(3) 
ITF=PARfS) 
NTC=N-M+ITF 

REAL LUqLGqLRqM 

DO I I=ltlO 
DO 1 J=1$10 
HPAR( I v J )=O,O 

THE USFR MUST PROVIDE SECTIOFIS TO EVALUATE DELHpHPhXc JFINEaL, 
THESE MUST C E  EVALUATED US!NG FIIJAL CONDITIONS. 
FORM TERMINAL CONSTRAINT DJSSATISFACT IONS. 
VARIABLES INVOLVED IN CONSTRAINTS HAVE A 1 IN THE CORRESPOND- 
ING POSITION OF IFINAL 

M=X I25 1 
U = X ( l )  
G=X(2) 
R=X(3) 
LU=X(4) 
LG=X(51 
LR=X(6) 
DELHI1)=CCNSTIl)-IU*~2/2.O/R) 
DELH(2)=CONST(2)-(R*U*COS(G)) 
D E L H ~ 3 ~ ~ C O N S T ~ 3 ~ - l l U / R - l ~ O / ~ U * R * * 2 ~ ~ ~ L G * C O S ~ G ~ + ~ L R * U - L U / R * * 2 ~ * S I N ~  

DELH(4)=CCNSTI4)-lLU**2+lLG/U)**2-M**2) 
1G) 1 

FORM HPAR(Jv1) 
HPAR(l*l)=U 
HPAR(1~3)=1eO/R**2 
HPARI2, 1 ) = R + C O S  (GI 
HPAR (2 9 2 )=-R*U*S I N (  G 1 
HPAR(Zr3)=U*COS(G) 
HPAR(3~1)=Il.O/R+l,O/([U~R)*~2))*LG~COS'G)+LR*SI~(G) 
HPAR(3,2)=-IU/R-l.O/[U*R**2))*LG*SINlG)+(L~*U-LU/R~~2)*COS[G) 
HPAR(3,3)=(-U/R*+2+2./(U*Rlc3~~~LG*COS(G)t2.~LU*SIN(G)/R**3 
HPAR ( 3  r4)=-S IN( G 1 /R*+2 
HPAR(3r5)=(U/R-l.O/(U~R**2))*COSl~) 
HPAR(3t6 )=U*SIN[G) 
HPARI4q 1 )=-2.O*LG**2/U**3 
HPAR(4*4)=2.0*LU 
HPAR(4r5)=2.GrLG/U9~2 

2 12 

N l  
N 2  
N 3  
N 4  
N 5  
N 6 
N 7  
N B  
N 9  
N 10 
N L l  
N 12 
N 13 
N 14 
N 15 
N 16 
N 17 
N 18 
N 19 
N 20 
N 21 
N 2 2  

N 24 
N 25 
N 26 
N 27 
N 28 
N 29 
N 30 
N 31 
N 32 
N 33 
N 34 
I.: 35 
N 35 
N 37 
N 38 
N 39 
N 40 
N 41 
N 42 
N 43 
N 44 
N 45 
N 46 
N 47 
N 48 
N 49 
N 50 
N 51 
N 52 
N 53 
N 54 
N 55 
N 56 
N 57 
N 50 
N 59 
N 60 
N 61 
N 62 
N 63 
N 64 
N 65 
N 66 
N 67 
N 6 5  
N 69 

rg 23 
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C 
C 

2 
C 

3 
C 
C 
4 

5 
6 
C 
C 
c 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

1 
C 

IFiNALIl)=L 
IF1 NAL f 2 ) = 1  
IFINALl3)=1 
IF INAL ( 4  )=1 
IF1 NAL i 5 l=l 
IFINAL(61=1 

EVALUATE THE FINAL MATRIX, 
LL=N-M 
DO 2 I=l,LL 
L=O 
DO 2 K=ltN 
IF (IFINALIK).EQ*O) GO TO 2 
L=L+1 
HFINlLpIl=X(I*Ni-K) 
CONTINUE 

IF (ISF.EQ.0) GO TO 4 
L=O 
DO 3 Kz1.N 
IF (IFINALIK).EQ.O) GO T O  3 
L=L+L 
HFI N IL 9 NTC 
CON1 I NUE 

=DER [ K )  

FORM PRODUCT 
DO 6 J=ltNTC 
DO 6 K=l*NTC 
SUM=O,O 
DO 5 I=l,L 
S U M = S U M + I i P A R l J ~ I ) * H F I N ( I r K )  
H(JeK)=SUF 

SOLVE LINEAR EQUATIONS FOR UPDATES OF INITIAL CONDITIONS. 
UPDAT = HlINVERSE)*DELH. (HPAR = DUMMY TO TAKE INVERSE.) 

CALL SI MEQ (HI DELHpNTCtHPAR tUPDAT 1 
RETURN 
END 
* ~ * * * ~ 3 t * * t t t * * Q 3 ~ [ * 3 * ~ * Q 3 * ~ * * * * * 4 ~ * * * ~ 4 ~  
ESTIMATE CHANGES 1N IhllTIAL VALUE GUESSES * 
*4***~**3*4*3****Q**~****t~3*~******~~** 

DELHIJ) = HPAR(J,K)*HFIN(K,L)*UPDAT(L) 

WHERE HPAR = A MATRIX OF PARTIAL DERIVATIVES OF TItE TERMINAL 

2 13 

N 71 
N 72 
N 73 
N 74 
N 75 
N 76 
N 77 
N 78 
N 79 
N 80 
N 81 
N 82 
N 83 
N 84 
N 85 
N 86 
N 87 
N 88 
N 89 
N 90 
N 91 
N 92 
N 93 
N 94 
N 95 
N 96 
N 97 
N 98 
N 99 
N 100 
N 101 
N 102 
N 103 
N 104 
N 105 
N 106 
Iv 107 
N 108- 
0 1  
0 2  
0 3  
0 4  
0 5  
O h  
0 7  

COUSTRAINTS HIJ), H K T .  THE STATES CONSTR.(N-M+l X KS) 
KS = NUMBER OF VARlABLES INVOLVED IN THE CONSTRAINTS. 

1 

HFIN = A MATRIX HHOSE FIRST N-M COLUMNS CCNTAIN THE KS 
FINAL VALUES OF THE CONSTRAINED VARIABLES RESULTING 
FRCM EACH OF THE HOMOGENEOUS SOLUTIONS. 
THE LAST CULUMlV CONTAINS THE DEQIVATIVES OF THESE 
VARIABLES EVALUATED AT THE E N D  POINT. ( K S  X N-FI+l) 

DELTA-T FINAL IS THE LAST ELEMENT. (N-M+l) 
UPDAT= A VECTOR OF CHANGES T O  BE MADE IN THE IYITIAL GUESSES 

DELH = TERMINAL BOUNDARY CONDiTiON CISSATISFACTIONS. 1N-?44 11 

I F I I Y A L =  DESCRIBES POSITION OF FINAL CONSTRAINED STATES IN X-VECTOR 

SUBROUTINE FIXE0 lX,DER,CONST~PAR,UPDAT) 
REAL X ~ 1 0 0 ~ ~ D E R 1 1 0 0 ~ ~ C O N S T ~ ~ O l ~ H P A R ~ l O ~ l O ~ ~ H F I N ~ l O ~ l O ~ ~ H ~ l O ~ l O ~ ~ P A  

REAL DELHIlO)~UPDAT(lO) 

REAL LR,LU,LGvM 

lR(20) 

INTEGER IFINAL(l0) 

N=PAR(2) 
M=PAR( 3) 
ITF=PAR[5) 
NT C = 14- M f I T F 
DO 1 1=1,10 
DO 1 J=1,10 
HPAK( I J1zO-O 

0 8  
0 9  
0 10 
0 11 
0 12 
0 13 
0 14 
0 15 
0 16 
0 17 
0 18 
0 19 
0 20 
0 21 
0 22 
0 2 3  
0 24 
0 25 
0 26 
0 27 
0 28 
0 2 9  
0 30 
0 31 
0 32 
0 33 
0 34 
0 35 
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C 
C 
C 
C 
C 

C 
C 

C 
C 

C 
C 

2 
C 

3 
C 
C 
4 

5 
6 
C 
C 
C 

THE USER MUST PROVIDE SECIIOPdS TO EVALUATE DELHtHPAReIFINAL. 
THESE YUST RE EVALUATEC USING FINAL CCNOITIONS. 
FORbi TEXMINAL CONSTRAINT OISSATISFACTIONS. 
VARIABLES INVOLVED It4 CONSTRAINTS HAVE A 1 IN THE CCRRESPOND- 
ING POSITION OF IFIIAAL 

U = X O I  
G = X  (2 1 
R = X ( 3 )  
LU= X ( 4 \ 
LG=X( 5 1 
LR=X(6) 
M=X(25) 
F=PARL2O 1 
SQRTD=SQRTI(LG/U)**2+LU*c2) 
DELHLl)=CCNSTll)-U 
DELH(2)=CONST(Z)-G 
DELH(3)=CONST(3)-R 
DELH(41=CONSTf4)-fF*SCRTD/M+(U/R-l.O/(U*R**2))~LG*COS(G)+(LR~U-LU/ 
1R**2) * S I % ( G  1 -F) 

FORI? HPAR( J v I) 
HPARI 1 I 1 ) = l a  0 
HPAR(2 1 2  ) =  1.0 
HPARL3 t 3 ) = I .  0 
HPAR(4,1)=-F*LG*42/(S~R~D*M*U~*3)+(l.O/R4l.O/(IU~R)**2))*LG*COS~G) 

HPAR(4t2)=-1U/R-l.O/(U*R~~2))*LG~SIN(G)+(LR*U-LU/R**2)*COS(G) 
H P A R ~ 4 r 3 1 ~ ~ ~ U / R * * 2 - 2 ~ O / ~ U * R * * 3 ~ ~ * L G * C O S ~ G ~ + Z ~ O * L l ~ * S I ~ ~ ~ G ~ / R * * 3  
HPAR (4 14 )=F*LU/ ( MaSQRTC 1 - S  It4 f G) /R**2 
HPAR(4 t5 )=F*LG/ I h”SQRTD*U**2 ) -COS ( G )  *(1 O /  IUcR**2) -U/R) 
HPARI4 8 b)=U*SIN!G 1 

l+LR*SINIG) 

FORM THE DESCRIPTICN O f  POSlTION GF CONSTRAINT VARIABLES. 
IF I NAL I 1 1 = 1 
I F1 NAL (2 ) = 1  
IF1 NAL ( 3  ) =  1 
IF I NA!. I 4  1 = 1 
IFINALISI=1 
IF1 NAL (6 1 = l  

EVALUATE THE FINAL MATRIX. 
LC=N-M 
DO 2 I=lrLL 
L=O 
DO 2 K=ltN 
IF (IFINALIKI.EQ.0) GO TO 2 
L=L+l 
HFIN(Lt I ) = X (  I * N + K )  
CONT I NU€ 

I F  (ITF.EQ.0) GG TO 4 
L=O 
DO 3 K=ltf\‘ 
I F  (IFlNAL(K).EQ.OI GO TO 3 
L=L+1 
HFIN(LtNTC)=DER(KI 
CON T I NUE 

FORM PRODUCT 
DO 6 J=lrNTC 
DO 6 K=ItNTC 

DO 5 I=lrL 
SUM=SUb’+H?AR t J t I 1 *tiF IN ( I t K 1 
H ( J t K 1 =SUF 

SUM=O. i~ 

SOLVE LINEAR ECUATICNS FOR UPDATES OF INITIAL CONDITIONS. 
UPDAT = H(IkVEKSE)*DELH. ( H P A R  = DUMNY T O  TAKE INVERSE.) 

C A C  L S I ME 0 [ H t DE L ti 9 NT C 9 V P A R  t UP DA T 
RE TURN 
E N D  

0 36 
0 37 
0 30 
0- 39 
0 40 
0 41. 
0 42 
0 43 
Q 44 
0 45 
0 46 
6 47 
0 40 
0 49 
0 50 
0 51 
0 52 
0 53 
0 54 
0 55 
0 56 
0 57 
0 58 
0 59 
0 60 
0 61 
0 62 
0 6 3  
0 64 
0 65 
0 66 
0 67 
0 68 
0 69 
0 70 
LI 71 
0 72 
0 73 
0 74 
0 75 
0 76 
0 77 
0 78 
0 79 
0 80 
0 81 
0 82 
0 83 

0 85 
0 86 
0 87 
0 88 
0 89 
0 90 
0 91 
0 92 
0 93 
0 94 
0 95 
0 96 
0 97 
0 98 
0 99 
0 LOO 
0 101 
0 102 
0 103 
0 104  
0 105  
0 106- 

o e 4  



C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C 
C 

1 
C 
C 
C 

C 
C 

2 

3 
C 
C 

4 

C 
C 
C 
6 

7 
C 

******~**tP*****t****~j~*~************~*** 
SOLUTION OF SIMULTANEOUS LINEAR EQUATIONS Q 

* * f t * t * ~ t t * t Q Q Q t Q t ~ Q * * ~ ~ Q t ~ ~ ~ * t * * ~ ~ * * Q ~ ~ t  

XDOT[I) = AII,J)*X(J) 

XDOT(1) = A VECTOR OF K C  CONSTANTS. 
KC = THE NUMBER OF LINEAR EQUATIONS. 
A(I1J) A KC BY KC MATRIX OF CONSTANTS- 
SIMEQ SOLVES FOR AND RETURNS THROUGH THE CALLING LISTp 
AINV = 4 KC BY KC MATRIX = A(INVERSE) 
XfJl = A SOLUTION VECTOR. 

SUBROUTINE SIMEQ IAvY,KCpAINV,X) 
DIMENSION A[lOilO)t B(A0ilQ)r AINV(10,lO)t Y ( 1 O ) f  X(l.0) 

SET INVERSE TO IDENTITY. SAVE A AND Y (THESE ARNT DESTROYED) 
DO 1 I=l*KC 
X(I)=YfI) 
DO 1 J=lrKC 
B( I tJ)=A( 1 1  J 1 
AINV ( I 9 J )=O e 0 
IF (1.EQ.J) AINLIIvJ)=l.O 
COMTI NUE 

GENERATE INVtRSE AND SOLUTION SIMULTANEOUSLY BY TRANSFORMING 
A INTO IDENTITY AND PERFORMING THE SAME OPERATIDNS ON IOENT. 

DO 11 I=ltKC 

FIND THE LARGEST ELEMENT IN I-TH COLUMN 
COMP=O.O 
DO 3 K=ItKC 
TEMP=B(K, I )  
IF I A B S ( T E M P ) , G T ~ A B S ( C O ~ P ~ )  293 
COMP=TEMP 
N=K 
CONTINUE 

IF LARGEST ELEMENT IS ZERO, THEN MATRIX I S  SINGULAR. 
IF (COMP.EQmO.0) 416 
WRITE ( 3 1 5 )  KCtKC 

5 FORMAT(//// 20x1 *LINEAR SIMULTANEOUS EQUATIONS SUBRe --- SINGULAR 
2 * e  I 2 9  * BY * t  12f * MATRIX.*//) 
KC=-KC 
RETURN 

CHECK FOR THE LARGEST ELEMENT or4 THE DIAGONAL 
IF NOT ON DIAGONhLt INTERCHANGE COLUMNS I AND N. 

IF IN.EQ.1) GO T O  8 
TEMP=XI I )  
XII)=X(N) 
X [ N =TEMP 
DO 7 M=l,KG 
TEMP=B(I,MI 
E(I~M)=R(N,M) 
B { N 9 M 1 =TEMP 
T E M P= A I NV I I I C 1 

A I NV I M 1 M 1 =T E MP 
AI NV ( 1 ,  M 1 = A  I NV INt M j  
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P 1  
P 2  
P 3  
P 4  
P 5  
P 6  
P 7  
P 0  
P 9  
P 10 
P 11 
P 12 
P 13 
P 14 
P 15 
P 16 
P 17 
P 18 
P 19 
P 2 0  
P 21 
P 22 
P 23 
P 24 
P 25 
P 26 
P 27 
P 28 
P 29  
P 30 
P 31 
P 32 
P 3 3  
P 34 
P 35 
P 36 
P 37 
P 38 
P 39 
P 4 0  
P 41 
P 42 
P 4 3  
P 4 4  
P 45  
P 46 
P 47 
P 48 
P 49 
P 50 
P 51 
P 52 
P 53 
P 54 
P 55 
P 56  
P 57 
P 58 
P 59 
P 60 
P 61 
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C 
C 
8 

9 
C 
C 

10 
11 

LARGEST ELEMENT IS NOW ON THE DIAGONAL, 
DIVID THROUGH COLUMN BY THE DIAGONAL ELEMENT- 

TEMP=l,O/B(I r I 1  
X (I)=X(Il+TEMP 
DO 9 M=l g KC 
B ( I 9M’ = B  I I P t.’ I +TEMP 
A I N V I I , M l = A I N V l I s V ) * T E M P  

DIAGCNALIZE B THUS GENERATING AINV AND X. 
DO 1 1  J = l r K C  
TEHP=B I J t I 1 
IF (I.EQ.JoOR,T€~P.EQ.O.O) GO T O  11 
X ( J 1 = X  I J I -T E MP*X ( I 1 
DO 10 N = l q K C  
B ( J g N l = B ( J t N ) - T E M P * B I l r N )  
A I N V ( J 9 N ) = A I N V [ J p R ) - T E M P * A I N V (  IINI 
CONTINUE 
RETURN 
END 

P 62 
P 63 
P 64 
P 65 
P 66 
P 67 
P 68 
P 69 
P 70 
P 71 
P 72 
P 73 
P 74 
P 75 
P 76 
P 77 
P 78 
P 79 
P 80- 
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